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´&UHDWLYLW\ LV VHHLQJ ZKDW HYHU\RQH HOVH KDV VHHQ� DQG WKLQNLQJ ZKDW QR RQH HOVH KDV WKRXJK�´
$OEHUW (LQVWHLQ



$FNQRZOHGJPHQW

7KURXJKRXW WKH ZULWLQJ RI WKLV GLVVHUWDWLRQ� , JRW H[FHSWLRQDO VXSSRUW DQG DVVLVWDQFH�
, ZRXOG ILUVW OLNH WR WKDQN P\ SDUHQWV /XtVD DQG -RVp IRU WKHLU WKRXJKWIXO DGYLFH DQG WHQGHU

HDU� <RX DUH DOZD\V WKHUH IRU PH� 0\ JLUOIULHQG� ZKR ZDV RI JUHDW VXSSRUW LQ GHOLEHUDWLQJ RYHU
REVWDFOHV DQG GHFLVLRQV� DV ZHOO DV SURYLGLQJ FKHHULQJ GLVWUDFWLRQ WR UHVW P\ PLQG RXWVLGH RI P\
UHVHDUFK�

6HFRQGO\� DQ DFNQRZOHGJHPHQW P\ VXSHUYLVRUV ZKRVH H[SHUWLVH ZDV LQYDOXDEOH LQ WKH IRU�
PXODWLQJ RI WKH UHVHDUFK WRSLF DQG PHWKRGRORJ\ LQ SDUWLFXODU� 7KLV WKHVLV ZDV ZULWWHQ GXULQJ
WKH SDQGHPLF FULVLV RI &RYLG���� DQG , FRXOG QRW ZLVK IRU EHWWHU UHPRWH VXSSRUW WKDQ WKH RQH
SURYLGHG E\ P\ VXSHUYLVRUV�

, ZRXOG OLNH WR WKDQN P\ IULHQG DQG ERVV 0LJXHO &RVWD� DQG P\ FRPSDQ\ 0LQLFOLS� IRU
VXSSRUWLQJ PH ZLWK WLPH� UHVRXUFHV DQG GDWD WR GHYHORS WKLV WKHVLV� 1RWKLQJ ZRXOG EH SRVVLEOH
ZLWKRXW \RX�

/DVWO\� D KHDUWIHOW WKDQN \RX WR ,6&7(� DQ LQVWLWXWLRQ RI H[FHOOHQFH WKDW KHOSHG PH LPSURYH
DV LQGLYLGXDO�
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5HVXPR

2V MRJRV WRUQDUDP�VH XPD GDV SULQFLSDLV SODWDIRUPDV GH HQWUHWHQLPHQWR GRV GLDV DWXDLV� UHS�
UHVHQWDQGR PDLV GH ��� ELOL}HV GH MRJDGRUHV HP WRGR R PXQGR TXH� DSHQDV HP ����� JDVWDUDP
FHUFD GH ��� ELOL}HV GH GyODUHV HP MRJRV�

'H WRGRV RV MRJRV� RV MRJRV SDUD GLVSRVLWLYRV PyYHLV WRUQDUDP�VH SDUWLFXODUPHQWH SRSXODUHV�
FRP MRJRV FRPR R &DQG\ &UXVK D DWLQJLU ��� PLOK}HV GH XWLOL]DGRUHV DWLYRV SRU PrV H &DOO RI
'XW\ 0RELOH D VHU GHVFDUUHJDGR ��� PLOK}HV GH YH]HV QD SULPHLUD VHPDQD GH ODQoDPHQWR�

&RP D FUHVFHQWH UHOHYkQFLD GRV MRJRV SDUD GLVSRVLWLYRV PyYHLV� Ki XPD QHFHVVLGDGH GH HQ�
WHQGHU FRPR RV MRJDGRUHV LQWHUDJHP H FRPR DV FRPXQLGDGHV GH MRJRV HVWmR HVWUXWXUDGDV� $V FR�
PXQLGDGHV QRV MRJRV SRGHP VHU FRQVLGHUDGDV UHGHV VRFLDLV GH LQGLYtGXRV� QHVWH FDVR� MRJDGRUHV�
TXH LQWHUDJHP HQWUH VL D GLYHUVRV QtYHLV�

1HVWD WHVH� WHQWDPRV HQWHQGHU FRPR DV FRPXQLGDGHV HVWmR HVWUXWXUDGDV H HYROXHP DWUDYpV
GH XPD UHGH GH LQWHUDo}HV SUHVHQWHV IUHTXHQWHPHQWH QRV MRJRV SDUD GLVSRVLWLYRV PyYHLV�

7HVWiPRV D QRVVD PHWRGRORJLD FRP FRQMXQWRV GH GDGRV GH XP MRJR UHDO SDUD GLVSRVLWLYRV
PyYHLV FRP �� PLOK}HV GH XWLOL]DGRUHV DWLYRV GLiULRV� UHFROKLGRV GXUDQWH �� GLDV HP � SDtVHV
GLIHUHQWHV�

$ SULQFLSDO FRQWULEXLomR GHVWD WHVH p XPD DQiOLVH GH GLIHUHQWHV PpWRGRV GH GHVFREHUWD GH FR�
PXQLGDGHV FRP HVWH FRQMXQWR GH GDGRV UHDLV� )RUQHFHPRV WDPEpP XP VLVWHPD GH UHFRPHQGDomR
GH DPL]DGHV EDVHDGR HP FRPXQLGDGHV� TXH SRGH VHU H[HFXWDGR QHVWH WLSR GH UHGHV H DWLQJLU DWp
�� � GH SUHFLVmR HP FRPXQLGDGHV HP FUHVFLPHQWR�

.H\ZRUGV� -RJRV SDUD GLVSRVLWLYRV PyYHLV� 'HVFREHUWD GH FRPXQLGDGHV� &LFOR GH YLGD GH
FRPXQLGDGHV� 6LVWHPD GH UHFRPHQGDomR

LLL



$EVWUDFW

*DPLQJ KDV EHFRPH RQH RI WKH OHDGLQJ HQWHUWDLQPHQW SODWIRUPV RI FXUUHQW GD\V� UHSUHVHQWLQJ
PRUH WKDQ ��� ELOOLRQ JDPHUV DURXQG WKH ZRUOG WKDW� MXVW LQ ����� VSHQW DURXQG ��� ELOOLRQ GROODUV
RQ JDPHV�

$FURVV JDPLQJ� PRELOH JDPLQJ KDV EHFRPH TXLWH SRSXODU� ZLWK JDPHV VXFK DV WKH &DQG\
&UXVK IUDQFKLVH DFKLHYLQJ ��� PRQWKO\ DFWLYH XVHUV DQG &DOO RI 'XW\ 0RELOH EHLQJ GRZQORDGHG
��� PLOOLRQ WLPHV LQ WKH ILUVW ZHHN�

:LWK WKH LQFUHDVLQJ UHOHYDQFH RI PRELOH JDPLQJ� WKHUH LV D QHFHVVLW\ WR XQGHUVWDQG KRZ
SOD\HUV LQWHUDFW� DQG JDPLQJ FRPPXQLWLHV VWUXFWXUH WKHPVHOYHV� &RPPXQLWLHV LQ JDPHV FDQ EH
FRQVLGHUHG DV VRFLDO QHWZRUNV RI LQGLYLGXDOV� LQ WKLV FDVH� SOD\HUV� WKDW LQWHUDFW ZLWK HDFK RWKHU
DW GLYHUVH OHYHOV�

,Q WKLV WKHVLV ZH WU\ WR XQGHUVWDQG KRZ FRPPXQLWLHV DUH VWUXFWXUHG DQG HYROYH WKURXJK D
QHWZRUN RI FRPPRQ PRELOH JDPLQJ LQWHUDFWLRQV�

:H WHVW RXU PHWKRGRORJ\ ZLWK GDWDVHWV IURP D UHDO PRELOH JDPH ZLWK �� GDLO\ DFWLYH XVHUV
FROOHFWHG DFURVV �� GD\V LQ � GLIIHUHQW FRXQWULHV�

7KH PDLQ FRQWULEXWLRQ RI WKLV WKHVLV LV DQ DQDO\VLV RI GLIIHUHQW FRPPXQLW\ GLVFRYHU\ PHWKRGV
ZLWK WKLV D UHDO PRELOH JDPH GDWDVHWV� :H DOVR SURYLGH D FRPPXQLW\ EDVHG IULHQGVKLS UHFRP�
PHQGDWLRQ V\VWHP WKDW FDQ UXQ RQ WRS VXFK QHWZRUNV DQG GHOLYHU XS WR ��� SUHFLVLRQ RQ JURZLQJ
FRPPXQLWLHV�

.H\ZRUGV� 0RELOH JDPLQJ� &RPPXQLW\ GLVFRYHU\� &RPPXQLW\ OLIH�F\FOH� 5HFRPPHQGD�
WLRQ 6\VWHP
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&RQWHQWV

$FNQRZOHGJPHQW LL

5HVXPR LLL

$EVWUDFW LY

/LVW RI )LJXUHV YLL

/LVW RI 7DEOHV YLLL

*ORVVDU\ L[

$FURQ\PV [

&KDSWHU �� ,QWURGXFWLRQ �
���� )UDPHZRUN �
���� 0RWLYDWLRQ �
���� 2EMHFWLYHV �
���� &RQWULEXWLRQV �
���� 'RFXPHQW 6WUXFWXUH �

&KDSWHU �� *UDSKV DQG '\QDPLF 1HWZRUNV �
���� *UDSKV �
���� '\QDPLF 1HWZRUNV �
������ 0RGHOV �
������ 0HPRU\ �

&KDSWHU �� /LWHUDWXUH 5HYLHZ �
���� &RPPXQLWLHV �
������ $WWULEXWHV �
������ /LIH�&\FOH ��
������ ,QVWDELOLW\ DQG 7HPSRUDO 6PRRWKLQJ ��
���� &RPPXQLW\ 'LVFRYHU\ 0HWKRGV ��
������ &ODVVLILFDWLRQ ��
������ 3HUIRUPDQFH ��

&KDSWHU �� 5HVHDUFK 0HWKRGRORJ\ ��
���� 'DWD 3UHSDUDWLRQ ��
������ &ROOHFWLRQ ��

Y



������ 7UDQVIRUPDWLRQ ��
������ 0RGHOOLQJ ��
������ 6QDSVKRWV ��
���� &RPPXQLW\ 'LVFRYHU\ ��
������ *UDSKV ��
������ ([HFXWLRQ ��
������ -DFFDUG 6LPLODULW\ ��
���� &RPPXQLW\ /LIH�F\FOH $QDO\VLV ��
���� 5HVHDUFK +\SRWKHVHV ��
������ )ULHQGVKLS 5HFRPPHQGDWLRQ ��

&KDSWHU �� 5HVXOWV ��
���� 'DWD &ROOHFWHG ��
���� &RPPXQLW\ 'LVFRYHU\ ��
���� &RPPXQLW\ /LIH�F\FOH ��
���� )ULHQGVKLS 5HFRPPHQGDWLRQ ��
������ 5HODWLRQV ��
������ &RPPXQLW\ 6L]H ��
������ /LIH &\FOH ��

&KDSWHU �� &RQFOXVLRQV DQG IXWXUH UHVHDUFK ��
���� &RQWULEXWLRQV ��
���� /LPLWDWLRQV DQG )XWXUH :RUN ��

5HIHUHQFHV ��
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/LVW RI )LJXUHV

� ,OOXVWUDWLRQV RI H[DPSOH JUDSKV� 2Q WKH OHIW LV D XQLSDUWLWH� GLUHFWHG� ZHLJKWHG JUDSK DQG
WKH FRUUHVSRQGLQJ DGMDFHQF\ PDWUL[� 2Q WKH ULJKW LV DQ XQGLUHFWHG� ELSDUWLWH JUDSK DQG
WKH FRUUHVSRQGLQJ DGMDFHQF\ PDWUL[� >�@ �

� 1HWZRUN 5HSUHVHQWDWLRQV >��@ �

� &RPPXQLW\ $WWULEXWHV >��@ ��

� &RPPXQLW\ (YHQWV >��@ ��

� &ODVVLILFDWLRQ RI FRPPXQLW\ GLVFRYHU\ DQG JUDSK FOXVWHULQJ PHWKRGV >��@ ��

� 'DWD FROOHFWLRQ SURFHVV ��

� 'DWD WUDQVIRUPDWLRQ SURFHVV ��

� 8QZHLJKWHG PDWFK UHODWLRQ ��

� :HLJKWHG PDWFK UHODWLRQ ��

�� )ULHQGV UHODWLRQ ��

�� 1HWZRUN H[DPSOH ��

�� 6QDSVKRWV WLPH GLYLVLRQ ��

�� /LIH F\FOH DQDO\VLV SURFHVV� � � *HQHUDWH JUDSK� � � &RPPXQLW\ GLVFRYHU\ SURFHVV� � �
*HQHUDWH JUDSK �� GD\V DIWHU� � � &RS\ UHVXOWLQJ FRPPXQLWLHV IURP SUHYLRXV LWHUDWLRQ�
� � &RPPXQLW\ GLVFRYHU\ ZLWK VHHG SURSHUW\ �SUHYLRXVBFRPPXQLW\� ��

�� )ULHQGVKLS UHFRPPHQGDWLRQ H[DPSOH ��
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/LVW RI 7DEOHV

� /LVW RI QRWDWLRQV IURP >�@ �

� 7ZR ERXQGV DUH SURYLGHG� RQH IRU JHQHUDO JUDSKV LUUHVSHFWLYH RI GHQVLW\ �&RPSOH[LW\�
$�DQG RQH FRPSXWHG XQGHU WKH DVVXPSWLRQ WKDW WKH JUDSK LV VSDUVH �&RPSOH[LW\�%��
)XUWKHUPRUH� WKH VFDOH RI JUDSKV IRU ZKLFK HDFK PHWKRG LV DSSURSULDWH LV SURYLGHG: 6
VWDQGV IRU VPDOO VFDOH �< 104 QRGHV�� 0 VWDQGV IRU PHGLXP VFDOH �< 106 QRGHV�� DQG /
IRU ODUJH VFDOH �106í109 QRGHV� >��@ ��

� 0HWKRGV VHOHFWHG ��

� &RXQWULHV VWDWLVWLFV DW d ��

� 1XPEHU RI FRPPXQLWLHV IRXQG SHU PHWKRGRORJ\ ��

� ([HFXWLRQ WLPH SHU PHWKRGRORJ\ ��

� 6LPLODULW\ EHWZHHQ UHVXOWLQJ FRPPXQLWLHV LQ 3RUWXJDO ��

� &RPPXQLWLHV VL]H GLVWULEXWLRQ DW d ��

� &RPPXQLWLHV FODVVLILFDWLRQ DV JURZLQJ �*� RU FRQWUDFWLQJ �&� RYHU �� GD\V ��

�� &RPPXQLWLHV VL]H RYHU �� GD\V ��

�� )ULHQG UHODWLRQ VWDWLVWLFV ��

�� )ULHQG UHODWLRQ SUHFLVLRQ DQG UHFDOO ��

�� 0DWFK UHODWLRQ VWDWLVWLFV ��

�� 0DWFK UHODWLRQ SUHFLVLRQ DQG UHFDOO ��

�� &RPELQHG UHODWLRQV VWDWLVWLFV ��

�� &RPELQHG UHODWLRQV SUHFLVLRQ DQG UHFDOO ��

�� 3UHFLVLRQ GLVWULEXWLRQ RYHU FRPPXQLWLHV VL]H DW d+ 30 ��

�� 3UHFLVLRQ DW d+ 15 DQG d+ 30 IRU JURZLQJ �*� RU FRQWUDFWLQJ �&� FRPPXQLWLHV ��
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*ORVVDU\

$SDFKH .DIND� $SDFKH .DIND LV D FRPPXQLW\ GLVWULEXWHG HYHQW VWUHDPLQJ SODWIRUP� ,QLWLDOO\
FRQFHLYHG DV D PHVVDJLQJ TXHXH� .DIND LV EDVHG RQ DQ DEVWUDFWLRQ RI D GLVWULEXWHG
FRPPLW ORJ�� ��

GDWD ODNH� $ GDWD ODNH LV D UHSRVLWRU\ RI GDWD VWRUHG LQ LWV QDWXUDO RU UDZ IRUPDW� XVXDOO\ ILOHV��
��� ��

ORDG EDODQFLQJ� /RDG EDODQFLQJ UHIHUV WR WKH SURFHVV RI GLVWULEXWLQJ D VHW RI WDVNV RYHU D VHW
RI UHVRXUFHV �FRPSXWLQJ XQLWV�� ZLWK WKH DLP RI PDNLQJ WKHLU RYHUDOO SURFHVVLQJ PRUH
HIILFLHQW� /RDG EDODQFLQJ WHFKQLTXHV FDQ RSWLPL]H WKH UHVSRQVH WLPH IRU HDFK WDVN�
DYRLGLQJ XQHYHQO\ RYHUORDGLQJ FRPSXWH QRGHV ZKLOH RWKHU FRPSXWH QRGHV DUH OHIW LGOH��
��

L[



$FURQ\PV

'$8� GDLO\ DFWLYH XVHUV� ��� ��

(7/� H[WUDFW� WUDQVIRUP DQG ORDG� ��

0$8� PRQWKO\ DFWLYH XVHUV� �

10,� 1RUPDOL]HG 0XWXDO ,QIRUPDWLRQ� ��

5(67� 5HSUHVHQWDWLRQDO 6WDWH 7UDQVIHU� ��� ��

[



&+$37(5 �

,QWURGXFWLRQ

*DPLQJ KDV EHFRPH RQH RI WKH OHDGLQJ HQWHUWDLQPHQW SODWIRUPV RI FXUUHQW GD\V� UHSUHVHQWLQJ
PRUH WKDQ ��� ELOOLRQ JDPHUV DURXQG WKH ZRUOG WKDW� MXVW LQ ����� VSHQW DURXQG ��� ELOOLRQ GROODUV
RQ JDPHV� )URP WKLV JOREDO PDUNHW� ��� SOD\HUV SOD\ RQPRELOH GHYLFHV �VPDUWSKRQH DQG WDEOHW�
>�@�

0RELOH JDPLQJ KDV EHFRPH TXLWH SRSXODU� ZLWK JDPHV VXFK DV WKH &DQG\ &UXVK IUDQFKLVH
DFKLHYLQJ ��� PRQWKO\ DFWLYH XVHUV �0$8� >�@ DQG &DOO RI 'XW\ 0RELOH EHLQJ GRZQORDGHG ���
PLOOLRQ WLPHV LQ WKH ILUVW ZHHN >�@�

���� )UDPHZRUN

7KH VRFLDO FRPSRQHQWV RI PRVW PRELOH JDPHV DUH HVVHQWLDO IHDWXUHV LQ FXUUHQW GLJLWDO JDPLQJ
EHFDXVH VRFLDO QHWZRUNLQJ VLWHV �)DFHERRN� 7ZLWWHU� DUH VXFFHVVIXOO\ LQWHJUDWHG DQG XVHG RYHU
PDQ\ JDPLQJ SODWIRUPV� 6HYHUDO XVHU DFTXLVLWLRQ VSHFLDOLVWV LGHQWLI\ FRPPXQLWLHV DV WKH FRUH RI
XVHU DFTXLVLWLRQ DQG XVHU UHWHQWLRQ >�@ >�@� ZKLFK DUH HVVHQWLDO IRU WKH SURVSHULW\ RI WKH LQGXVWU\�

*DPLQJ FRPPXQLWLHV FDQ EH FRQVLGHUHG DV VRFLDO QHWZRUNV RI LQGLYLGXDOV� LQ WKLV FDVH� SOD\�
HUV� WKDW LQWHUDFW ZLWK HDFK RWKHU DW GLYHUVH OHYHOV >�@�

���� 0RWLYDWLRQ

:LWK WKH LQFUHDVLQJ UHOHYDQFH RI PRELOH JDPLQJ� WKHUH LV D QHFHVVLW\ WR XQGHUVWDQG KRZ SOD\HUV
LQWHUDFW� DQG JDPLQJ FRPPXQLWLHV VWUXFWXUH WKHPVHOYHV� 7KLV NQRZOHGJH FDQ JHQXLQHO\ KHOS
WKH JDPLQJ LQGXVWU\ ERRVW HQJDJHPHQW DQG XQGHUVWDQG WKH LPSDFW RI QHZ IHDWXUHV RQ SOD\HUV
LQWHUDFWLRQ�

7KLV WKHVLV ZDV GHYHORSHG LQ SDUWQHUVKLS ZLWK 0LQLFOLS� 0LQLFOLS LV D PRELOH JDPLQJ FRP�
SDQ\ WKDW LV D JOREDO OHDGHU LQ WKH VSRUWV FDWHJRU\� ZLWK DURXQG ���PLOOLRQPRQWKO\ DFWLYH SOD\HUV
DOO DURXQG WKH ZRUOG� 7KH FRPSDQ\ VDZ WKLV WKHVLV DV DQ RSSRUWXQLW\ WR H[SORUH FRPPXQLWLHV LQ
WKHLU ELJJHVW JDPH� $OO WKH GDWD SURYLGHG E\ WKH FRPSDQ\ IRU WKLV WKHVLV ZDV FROOHFWHG DQG XVHG
DQRQ\PRXVO\ DQG ZLOO QRW EH DYDLODEOH SXEOLFO\�

���� 2EMHFWLYHV

7KLV WKHVLV¶ REMHFWLYH LV WR ILQG WKH EHVW PHWKRGRORJ\ WR GLVFRYHU FRPPXQLWLHV LQ PRELOH JDPHV�
7R ILQG VXFK PHWKRGRORJ\� VHYHUDO TXHVWLRQV DULVH�

• +RZ FDQ ZH GHYHORS D PHWKRGRORJ\ WKDW LV HDVLO\ UHSURGXFLEOH DFURVV RWKHU PRELOH
JDPHV"

• +RZ FDQ ZH HYDOXDWH SHUIRUPDQFH DQG TXDOLW\ LQ D UHDO XVH FDVH ZLWKRXW XVHU IHHGEDFN"
• +RZ VKRXOG ZH GHDO ZLWK WHPSRUDO GDWD"
• +RZ GRHV FRPPXQLW\ HYROXWLRQ EHKDYH LQ D PRELOH VFHQDULR"

�



���� &RQWULEXWLRQV

7KH PDLQ FRQWULEXWLRQ RI WKLV WKHVLV LV WKH FRPSDULVRQ DQG WHVW RI GLIIHUHQW SURYHQ FRPPXQLW\
GLVFRYHU\ PHWKRGRORJLHV ZLWK UHDO PRELOH JDPLQJ GDWD� 7KLV DOVR LQFOXGHV GDWD WKDW FKDQJHV
RYHU WLPH DQG KDV VFDOH WKDW FDQ FKDOOHQJH PRVW PHWKRGRORJLHV�

:H DOVR SUHVHQW D UHVHDUFK K\SRWKHVLV DERXW KRZ ZH FDQ XVH FRPPXQLW\ NQRZOHGJH WR SUH�
GLFW XVHU IULHQGVKLSV�

���� 'RFXPHQW 6WUXFWXUH

7KLV GRFXPHQW LV GLYLGHG LQWR � FKDSWHUV WKDW GHVFULEH WKH ZKROH WKHVLV IURP LWV LQFHSWLRQ XQWLO
WKH FRQFOXVLRQ DQG SRVVLEOH IXWXUH ZRUN�

• ,QWURGXFWLRQ � 3UHVHQWV WKH IUDPHZRUN� PRWLYDWLRQ� REMHFWLYHV DQG FRQWULEXWLRQV RI WKLV
WKHVLV�

• *UDSKV DQG '\QDPLF 1HWZRUNV � %ULHIO\ GHVFULEHV JUDSKV DQG G\QDPLF QHWZRUNV XVHG
WKURXJK WKH PHWKRGRORJ\�

• /LWHUDWXUH 5HYLHZ � 3UHVHQWV FRPPXQLWLHV� WKHLU FKDUDFWHULVWLFV� OLIH F\FOHV DQG LQVWDELO�
LW\� 'HVFULEHV HDFK W\SH RI PHWKRGRORJLHV XVHG IRU '\QDPLF &RPPXQLW\ 'LVFRYHU\�
SURSRVHG RSWLPLVDWLRQV DQG SHUIRUPDQFH FRPSDULVRQ�

• 0HWKRGRORJ\ � 'HVFULEHV WKH PHWKRGRORJ\ XVHG RQ WKLV WKHVLV� )URP FUHDWLQJ D G\�
QDPLF QHWZRUN WR SHUIRUPLQJ FRPPXQLW\ GLVFRYHU\ DQG OLIH F\FOH DQDO\VLV� ,W DOVR
GHVFULEHV WKH UHVHDUFK K\SRWKHVLV DURXQG IULHQGVKLS UHFRPPHQGDWLRQ�

• 5HVXOWV � 3UHVHQWV WKH UHVXOWV RI GLIIHUHQW FRPPXQLW\ GLVFRYHU\PHWKRGRORJLHV DQG DQDO�
\VLV WKH UHVHDUFK K\SRWKHVLV�

• &RQFOXVLRQV DQG IXWXUH UHVHDUFK � 7KLV FKDSWHU FRQFOXGHV WKH SUHVHQWHG ZRUN� SUHVHQW�
LQJ LWV SRWHQWLDO EHQHILW� ,W DOVR H[WHQGV WKH PHWKRGRORJ\ DQG SURSRVHV QHZ SRVVLELOLWLHV
RI IXUWKHU LQYHVWLJDWLRQ�

�



&+$37(5 �

*UDSKV DQG '\QDPLF 1HWZRUNV

7KLV FKDSWHU FRQWDLQV D EULHI RYHUYLHZ RI JUDSKV DQG G\QDPLF QHWZRUNV ZKLFK� IRU WKH UH�
PDLQGHU RI WKLV WKHVLV� ZLOO EH XVHG LQWHUFKDQJHDEO\�

���� *UDSKV

6\PERO 'HVFULSWLRQ
G *UDSK UHSUHVHQWDWLRQ RI GDWDVHWV
V 6HW RI QRGHV IRU JUDSK *
E 6HW RI HGJHV IRU JUDSK *
N 1XPEHU RI QRGHV� RU

∣∣9
∣∣

M 1XPEHU RI HGJHV� RU
∣∣(
∣∣

ei,j (GJH EHWZHHQ QRGH L DQG QRGH M
wi,j :HLJKW RQ HGJH ei,j
wi :HLJKW RI QRGH L �VXP RI ZHLJKWV RI LQFLGHQW HGJHV�
A ��� $GMDFHQF\ PDWUL[ RI WKH XQZHLJKWHG JUDSK
Aw 5HDO�YDOXH DGMDFHQF\ PDWUL[ RI WKH ZHLJKWHG JUDSK
ai,j (QWU\ LQ PDWUL[ $
λ1 3ULQFLSDO HLJHQYDOXH RI XQZHLJKWHG JUDSK

λ1, w 3ULQFLSDO HLJHQYDOXH RI ZHLJKWHG JUDSK
7DEOH �� /LVW RI QRWDWLRQV IURP >�@

:H FDQ UHSUHVHQW D QHWZRUN DV D JUDSK ZLWK WKH WHUPV GHILQHG LQ WDEOH �� $ VWDWLF� XQZHLJKWHG
JUDSK * FRQVLVWV RI D VHW RI QRGHV 9 DQG D VHW RI HGJHV VXFK WKDW E ⊆ V × V � :H UHSUHVHQW
WKH QXPEHU RI HOHPHQWV RI 9 DQG ( DV 1 DQG (� $ JUDSK PD\ EH GLUHFWHG RU XQGLUHFWHG ± IRU
LQVWDQFH� D WH[W PHVVDJH IURP RQH HQWLW\ WR DQRWKHU LV UHSUHVHQWHG DV D GLUHFWHG HGJH WR NHHS LQ�
IRUPDWLRQ DERXW RULJLQ DQG GHVWLQDWLRQ RI WKH PHVVDJH ZKHUHDV D IULHQGVKLS EHWZHHQ WZR SHUVRQV
LV UHSUHVHQWHG DV XQGLUHFWHG HGJH VLQFH LW LV D UHFLSURFDO UHODWLRQVKLS >�@�

*UDSKV FDQ DOVR EH ZHLJKWHG� ZKHUH WKHUH PD\ EH PDQ\ HGJHV RFFXUULQJ EHWZHHQ WZR QRGHV
�H�J� GLIIHUHQW WH[W PHVVDJHV� RU VSHFLILF HGJH ZHLJKWV �H�J� PRQHWDU\ DPRXQWV IRU WUDQVDFWLRQV��
,Q D ZHLJKWHG JUDSK *� OHW ei,j EH WKH HGJH EHWZHHQ QRGH L DQG QRGH M� :H ZLOO UHIHU WR WKHVH WZR
QRGHV DV WKH µQHLJKERXULQJ QRGHV¶ RU µLQFLGHQW QRGHV¶ RI HGJH ei,j � /HW Wi,j EH WKH ZHLJKW RQ
HGJH ei,j � 7KH WRWDO ZHLJKW wi RI QRGH L LV GHILQHG DV WKH VXP RI ZHLJKWV RI DOO LWV HGJHV�

:H FDQ DOVR FODVVLI\ JUDSKV DV XQLSDUWLWH RU PXOWLSDUWLWH >�@� $ PXOWLSDUWLWH RU N�SDUWLWH JUDSK
LV D JUDSK ZKRVH QRGHV DUH SDUWLWLRQHG LQWR GLIIHUHQW W\SHV� DQG D XQLSDUWLWH JUDSK RQO\ KDV RQH
W\SH RI QRGHV� 7KH JUDSK UHSUHVHQWLQJ D FLWDWLRQ QHWZRUN ZHUH WKH RQO\ QRGHV DUH DXWKRUV FDQ EH
FRQVLGHUHG DV XQLSDUWLWLH >�@� ,Q WKH RSSRVLWH� WKH PRYLH�DFWRU JUDSK RI ,0'% >�@ WKDW FRQVLVWV
RI QRGHV WKDW UHSUHVHQW PRYLHV RU DFWRUV LV FRQVLGHUHG DV D PXOWLSDUWLWH�
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:H FDQ UHSUHVHQW D JUDSK YLVXDOO\ RU ZLWK DQ DGMDFHQF\ PDWUL[ $� ZKHUH QRGHV DUH LQ URZV
DQG FROXPQV� DQG QXPEHUV LQ WKH PDWUL[ UHJLVWHU WKH H[LVWHQFH RI HGJHV� )RU XQZHLJKWHG JUDSKV�
DOO HQWULHV DUH � RU �� IRU ZHLJKWHG JUDSKV� WKH DGMDFHQF\PDWUL[ FRQWDLQV WKH YDOXHV RI WKH ZHLJKWV
�ILJXUH ���

)LJXUH �� ,OOXVWUDWLRQV RI H[DPSOH JUDSKV� 2Q WKH OHIW LV D XQLSDUWLWH� GLUHFWHG�
ZHLJKWHG JUDSK DQG WKH FRUUHVSRQGLQJ DGMDFHQF\ PDWUL[� 2Q WKH ULJKW LV DQ XQGL�
UHFWHG� ELSDUWLWH JUDSK DQG WKH FRUUHVSRQGLQJ DGMDFHQF\ PDWUL[� >�@

$QRWKHU JUDSK�UHODWHG FRQFHSW WKDW ZH ZLOO QHHG LV WKH GLDPHWHU� )RU D JLYHQ �VWDWLF� JUDSK�
LWV GLDPHWHU LV GHILQHG DV WKH PD[LPXP GLVWDQFH EHWZHHQ HLWKHU WZR QRGHV� ZKHUH GLVWDQFH LV
WKH PLQLPXP QXPEHU RI MXPSV �L�H�� HGJHV WKDW PXVW EH FURVVHG� RQ WKH SDWK IURP RQH QRGH WR
DQRWKHU� LJQRULQJ GLUHFWLRQDOLW\�

&DOFXODWLQJ JUDSK GLDPHWHU LV O(n2)� WKHUHIRUH� ZH FKRRVH WR HVWLPDWH JUDSK¶V GLDPHWHUV E\
VDPSOLQJ QRGHV� )RU s = {1, 2, ..., S}� ZH SLFN WZR QRGHV DW UDQGRP DQG FDOFXODWH WKH GLVWDQFH
�XVLQJ EUHDGWK�ILUVW VHDUFK�� :H WKHQ UHFRUG WKH �� SHUFHQWLOH YDOXH RI GLVWDQFHV� VR ZH WDNH
WKH ��6 ODUJHVW UHFRUGHG YDOXH� 7KH GLVWDQFH RSHUDWLRQ LV 2�GN�� ZKHUH G LV WKH JUDSK GLDPHWHU
DQG N WKH PD[LPXP GHJUHH RI DQ\ QRGH RQ DYHUDJH WKLV LV D PXFK VPDOOHU FRVW� ,QWXLWLYHO\� WKH
GLDPHWHU UHSUHVHQWV KRZ PXFK RI D ³VPDOO ZRUOG´ WKH JUDSK LV± KRZ TXLFNO\ RQH FDQ JHW IURP
RQH ³HQG´ RI WKH JUDSK WR DQRWKHU�
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���� '\QDPLF 1HWZRUNV

$ G\QDPLF QHWZRUN LV GHILQHG DV D QHWZRUN RI LQWHUDFWLRQV RU UHODWLRQVKLSV� ZKHUH WKH QRGHV
FRQVLVW RI HQWLWLHV� DQG WKH HGJHV FRQVLVW RI WKH UHODWLRQVKLSV RU LQWHUDFWLRQV EHWZHHQ WKHVH HQWLWLHV
>��@�

$OVR NQRZQ DV FRPSOH[ QHWZRUNV >��@� G\QDPLF QHWZRUNV KDYH EHHQ VXEMHFW RI DQDO\VLV E\
PDQ\ UHVHDUFKHUV� 7KH UHVHDUFK H[WHQGV IURP VWDWLVWLFDO DQDO\VLV >�@� FRPPXQLW\ GLVFRYHU\ >��@
>��@ >��@� VRFLDO WDJJLQJ >��@ DQG VHFXULW\ DQRPDO\ GHWHFWLRQ >��@�

:LWK UHDO�WLPH GDWD WUDYHOOLQJ WKURXJK WKH LQWHUQHW DQG UHODWLRQVKLSV EHWZHHQ LW HYROYLQJ� ZH
FDQQRW FRQVLGHU QHWZRUNV RQO\ DV VWDWLF REMHFWV� $V VXFK ZH PXVW FRQVLGHU G\QDPLF QHWZRUNV DV
WHPSRUDO QHWZRUNV WKDW HYROYH ZLWK WLPH� 7KH VWDWLF YLHZ RI VXFK D QHWZRUN LV VLPSO\ D VQDSVKRW
RI WKH QHWZRUN¶V VWDWH LQ D VSHFLILF PRPHQW� 'XH WR WKH RQOLQH QDWXUH RI ZHE DQG� PRUH UHFHQWO\�
PRELOH DSSOLFDWLRQV� DOO WKH QHWZRUNV FRQVLGHUHG LQ WKLV ZRUN DUH G\QDPLF QHWZRUNV HYHQ ZKHQ
ZH ZRUN ZLWK VQDSVKRWV DW JLYHQ PRPHQWV >��@�

������ 0RGHOV

7LPH SOD\V D FUXFLDO UROH LQ VKDSLQJ QHWZRUN WRSRORJLHV� 2QH RI WKHPRVW FUXFLDO LVVXHV WR DGGUHVV
LQ RUGHU WR WKLQN DERXW WLPH�HYROYLQJ QHWZRUNV LV UHODWHG WR WKH PDWKHPDWLFDO IRUPDOLVP XVHG WR
UHSUHVHQW WKHP�

,Q ILJXUH � IURP >��@ WKH DXWKRUV FODVVLI\ G\QDPLF QHWZRUNV EDVHG RQ WKHLU PRGHO FRPSOH[LW\
DQG WHPSRUDO LPSDFW� ZLWK IRXU GLIIHUHQW FRQFHSWXDO VROXWLRQV WKDW SURJUHVVLYHO\ LQWURGXFH WKH
WLPH GLPHQVLRQ LQ WKH QHWZRUN PRGHOOLQJ SURFHVV�

)LJXUH �� 1HWZRUN 5HSUHVHQWDWLRQV >��@

2Q WKH RQH VLGH� ZH FDQ YLHZ WKH DWHPSRUDO VFHQDULR �D VLQJOH QHWZRUN FDSWXULQJ D VWDWLF
LPSUHVVLRQ RI D G\QDPLF HYHQW�� :H FDQ JUDGXDOO\ LQWURGXFH G\QDPLFV E\ XVLQJ ODEHOV WKDW
ZHLJKWV QRGHV DQG HGJHV� WKHUHIRUH FDWFKLQJ DQ DJJUHJDWH QHWZRUN� )ROORZLQJ WKH VDPH SULQFL�
SOH� ZHLJKWV PRGHO WKH QXPEHU RI RFFXUUHQFHV RI D JLYHQ QRGH�HGJH LQ DQ REVHUYDWLRQ ZLQGRZ�
ZLWK WKLV DGGLWLRQ� ZH FDQ PDNH QXPHURXV WLPH�GHSHQGHQW DQDO\VHV WKDW ZHUH LPSRVVLEOH LQ WKH
SUHYLRXV VFHQDULRV� VXFK DV WLH VWUHQJWK HVWLPDWLRQ�

+RZHYHU� WKH VWUDWHJ\ SUHYLRXVO\ XVHG VXIIHUV D VHYHUH OLPLWDWLRQ� LW GRHV QRW FDSWXUH QHW�
ZRUN G\QDPLFV� 7DNLQJ WKLV LQWR FRQVLGHUDWLRQ� PDQ\ PHWKRGV PRGHO G\QDPLFV ZLWK WHPSRUDOO\
RUGHUHG VHULHV RI QHWZRUN VQDSVKRWV� 7KLV PLOG PRGHOOLQJ HQDEOHV WKH WUDFNLQJ RI SHUWXUEDWLRQV
RFFXUULQJ RQ WKH QHWZRUN WRSRORJ\� 1RQHWKHOHVV� ZLWK WKH LPSURYHPHQW RI WKH PRGHO GHILQLWLRQ�
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WKH FRPSOH[LW\ RI DQDO\VLV DOVR LQFUHDVHV� :KHQ H[HFXWLQJ WLPH�DZDUH PLQLQJ MREV RQ QHWZRUN
VQDSVKRWV� WZR FRQFHUQV DULVH�

• +RZ WR NHHS WUDFN RI PXOWLSOH VWDJHV RI WKH QHWZRUN OLIH�
• +RZ WR KDUPRQL]H WKH DQDO\WLFDO UHVXOWV REWDLQHG LQ D VQDSVKRW ZLWK WKH RXWFRPH RI WKH
VXEVHTXHQW RQHV�

7KH FRQVWUDLQLQJ LVVXH WKDW DIIHFWV G\QDPLF QHWZRUN SDUWLWLRQ� DV ZHOO DV DJJUHJDWLRQ� LV WR
GHILQH D WKUHVKROG IRU WHPSRUDO JUDQXODULW\� 6LQFH WKH LGHQWLILFDWLRQ RI VXFK D WKUHVKROG LV QRW
HDV\� LW LV XQGRXEWHGO\� FRQWH[W�GHSHQGHQW DQG GHHSO\ LPSDFWIXO IRU DQDO\WLFDO UHVXOWV� 5HFHQW
VFLHQWLILF UHVHDUFK SURSRVHV WR PRGHO QHWZRUN G\QDPLFV ZLWKRXW DQ\ DJJUHJDWLRQ� NHHSLQJ DOO
WHPSRUDO GHWDLOV� 6XFK DQ DSSURDFK XVXDOO\ GHWDLOV G\QDPLF QHWZRUNV LQ WKHLU HOHPHQWDU\ EULFNV�
WHPSRUDOO\ RUGHUHG� WLPHVWDPSHG� LQWHUDFWLRQV RU UHODWLRQV� ,Q WKH QH[W VXEVHFWLRQ� ZH ZLOO GH�
VFULEH VXFK DSSURDFK� VSHFLILFDOO\ WHPSRUDO QHWZRUNV PRGHOOLQJ� 7HPSRUDO QHWZRUNV DOORZ IRU
D IXOO DQG ILQH�JUDLQHG FKDUDFWHUL]DWLRQ RI QHWZRUN G\QDPLFV�

/DVW EXW QRW OHDVW� ZH FDQQRW IRUJHW WKDW GLIIHUHQW SUREOHPV� DV ZHOO DV DFFHVVLEOH GDWD� LP�
SRVH GLIIHUHQW PRGHOOLQJ FKRLFHV� 6WDWLF QHWZRUNV� DV ZHOO DV ZHLJKWHG RQHV� DUH UHJXODUO\ XVHG
WR LGHQWLI\ VWDEOH SDWWHUQV DQG WR GHVFULEH WKH FXUUHQW VWDWH RI D QHWZRUN ZKLOH VQDSVKRWV DQG
LQWHUDFWLRQV DUH DJHQWV IRU WKH VWXG\ RI WKH LQFUHDVLQJ G\QDPLF VFHQDULRV� :LWK ILQH�JUDLQHG
WHPSRUDO GDWD� LW LV DFKLHYDEOH WR FUHDWH DOO WKH RWKHU PRGHOV DQG FRQVHTXHQW DJJUHJDWLRQV�

,Q WKLV WKHVLV� ZH ZLOO IRFXV RQ FRPPXQLW\ GHWHFWLRQ PHWKRGV WKDW GHDO ZLWK WHPSRUDO QHW�
ZRUNV� $V VXFK IRU DQ LQ�GHSWK RYHUYLHZ RI FRPPXQLW\ GHWHFWLRQ PHWKRGRORJ\ WKDW IRFXVHV
PRUH RQ VWDWLF VFHQDULRV UHIHU WR >��@ >��@�

�������� 7HPSRUDO 1HWZRUNV

7HPSRUDO QHWZRUNV >��@ RU (YROYLQJ 1HWZRUNV >��@ UHSUHVHQW WKH QDWXUDO HYROXWLRQ RYHU WLPH RI
G\QDPLF QHWZRUNV� 6XFK SKHQRPHQD LV PDQ\ WLPHV UHODWHG ZLWK WKH YRODWLOLW\ RI UHDO�WLPH GDWD�

)ROORZLQJ WKH GHILQLWLRQ SUHVHQWHG LQ >��@ ZH FDQ GLYLGH WHPSRUDO QHWZRUNV LQWR WKH IROORZ�
LQJ WZR FDWHJRULHV�

• 6ORZO\ (YROYLQJ 1HWZRUNV � $ QHWZRUN WKDW HYROYHV VORZO\ RYHU WLPH DQG VQDSVKRW
DQDO\VLV FDQ EH XVHG YHU\ HIIHFWLYHO\� ,Q WKHVH VLWXDWLRQV� VQDSVKRWV RI WKH QHWZRUN DW
WZR GLVWLQFW WLPHV W� DQG W� DUH XVHG IRU DQDO\VLV� DQG WKHUHIRUH RIIOLQH DQDO\VLV FDQ EH
SHUIRUPHG GLUHFWO\�

• 6WUHDPLQJ 1HWZRUNV � $ QHWZRUN WKDW LV FUHDWHG E\ WUDQVLHQW LQWHUDFWLRQV DQG GXH WR WKDW
QDWXUH UHTXLUHV UHDO�WLPH DQDO\WLFDO PHWKRGV� $OVR WLWOHG DV JUDSK VWUHDPV� WKLV NLQG RI
QHWZRUNV DUH PXFK PRUH FKDOOHQJLQJ GXH WR WKH FRPSXWDWLRQ UHTXLUHPHQWV QHHGHG IRU
WKH DQDO\VLV�

�������� 1HWZRUN 6QDSVKRWV

5HJXODUO\� QHWZRUN KLVWRU\ SDUWLWLRQV LQWR D VHULHV RI VQDSVKRWV� HDFK RQH RI WKHP PDWFKLQJ
HLWKHU WR WKH VWDWH RI WKH QHWZRUN DW D WLPH t �UHODWLRQ QHWZRUN� RU WR WKH DJJUHJDWLRQ RI REVHUYHG
LQWHUDFWLRQV GXULQJ D SHULRG �LQWHUDFWLRQ QHWZRUN� >��@�
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������ 0HPRU\

$ PRGHOOLQJ GHFLVLRQ WKDW SURIRXQGO\ LQIOXHQFHV WKH DQDO\VLV FRQGXFWHG RQ G\QDPLF QHWZRUNV
UHJDUGV WKH V\VWHP PHPRU\� :KHQ WKH DQDO\]HG GDWD UHSUHVHQWV DQ LQWHUDFWLRQ QHWZRUN �IRU LQ�
VWDQFH� 606 RU SKRQH FDOOV�� QRW PDGH RI ORQJ�ODVWLQJ UHODWLRQV� PRVW PHWKRGV UHTXLUH WR FRQYHUW
LW LQWR D UHODWLRQ QHWZRUN�

6XFK FRQYHUVLRQ FDQ JHQHUDWH VQDSVKRWV RU WHPSRUDO QHWZRUNV� :H QHHG WR WDNH LQWR FRQVLG�
HUDWLRQ WKH WZR IROORZLQJ VFHQDULRV�

• 3HUIHFW PHPRU\ QHWZRUN
• /LPLWHG PHPRU\ QHWZRUN�

,Q D SHUIHFW PHPRU\ QHWZRUN� QRGHV DQG HGJHV FDQ RQO\ MRLQ WKH QHWZRUN� PHDQLQJ WKDW
QRGHV�HGJHV FDQQRW GLVDSSHDU �H�J� D FLWDWLRQ JUDSK�� ,Q D OLPLWHG PHPRU\ QHWZRUN� QRGHV DQG
HGJHV YDQLVK RYHU WLPH �H�J� VRFLDO QHWZRUN UHODWLRQV�� ,W LV FRPPRQ WR XVH WKH GLVDSSHDUDQFH
WR PRGHO WKH GHFD\ RI LQWHUDFWLRQV LQ WKH QHWZRUN� :H FDOO WKLV 7LPH 7R /LYH �77/�� LW LV WKH
DUWLILFLDOO\ GHILQHG GXUDWLRQ RI DQ HGJH� 7KHUH DUH VHYHUDO PHWKRGRORJLHV WR ILQG WKH FRUUHFW 77/�

• )L[HG 6L]H 6WDWLF 7LPH :LQGRZ� WKH 77/ LV HTXDO IRU DOO QHWZRUN HQWLWLHV� DQG WKHUH LV
D ILQLWH VHW RI SRVVLEOH SHULRGV ZKRVH VWDUW DQG HQG GDWHV DUH GHILQHG LQ DGYDQFH� 7KLV
VWUDWHJ\ SURGXFHV QHWZRUN VQDSVKRWV�

• )L[HG 6L]H 6OLGLQJ 7LPH :LQGRZ� WKH 77/ LV HTXDO IRU DOO QHWZRUN HQWLWLHV� EXW LW
VWDUWV LQGHSHQGHQWO\ IRU HDFK RQH RI WKHP DW WKH PRPHQW RI WKHLU ILUVW DSSHDUDQFH �L�H��
DQ HPDLO JUDSK LQ ZKLFK HDFK HPDLO LV FRQVLGHUHG WR KDYH WKH VDPH VRFLDO SHUVLVWHQFH
VWDUWLQJ IURP WKH WLPH LW LV PDGH��

• '\QDPLF 6L]H 7LPH :LQGRZ� WKH 77/ LV HTXDO IRU DOO WKH QHWZRUN HQWLWLHV DW D JLYHQ
WLPH EXW GHSHQGV RQ WKH FXUUHQW QHWZRUN VWDWXV �L�H�� D V\VWHP IRU ZKLFK LW LV LQWHUHVWLQJ
WR FDSWXUH EXUVWV RI LQWHUDFWLRQV KDYLQJ GLIIHUHQW IUHTXHQF\��

• *OREDO�/RFDO 'HFD\ )XQFWLRQ� WKH 77/ RI HDFK QRGH�HGJH LV GHILQHG LQGHSHQGHQWO\�
XVXDOO\ DV D IXQFWLRQ RI WKH JOREDO�ORFDO QHWZRUN DFWLYLW\ �L�H�� ILWWLQJ WKH LQWHU�DUULYDO
WLPH GLVWULEXWLRQ RI QRGHV RU HGJHV IRU WKH ZKROH QHWZRUN DV ZHOO DV IRU WKH LQGLYLGXDO
QRGH SDLU��

7KH DVVXPSWLRQV PDGH RQ WKH SHUVLVWHQFH RI QHWZRUN HQWLWLHV �H�J�� WKH VWUDWHJ\ LGHQWLILHG WR
IL[ WKHLU 77/� SOD\ D FUXFLDO UROH LQ WKH UHVXOWV SURYLGHG E\ WLPH�DZDUH PLQLQJ DOJRULWKPV�

�
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/LWHUDWXUH 5HYLHZ

7KLV FKDSWHU FRQWDLQV D EULHI RYHUYLHZ RI FRPPXQLWLHV DQG WKHLU FKDUDFWHULVWLFV� :H DOVR
GHVFULEH WKH SUHVHQW PHWKRGRORJLHV IRU FRPPXQLW\ GLVFRYHU\�

���� &RPPXQLWLHV

$ FRPPXQLW\ LV DQRWKHU IXQGDPHQWDO FRQVWLWXHQW LQ G\QDPLF QHWZRUNV� 7KHUH DUH VHYHUDO GLI�
IHUHQW GHILQLWLRQV RI FRPPXQLW\ LQ WKH OLWHUDWXUH� EXW WKH PRVW FRPPRQ LV DV IROORZV� 'HILQLWLRQ�
�&RPPXQLW\� *LYHQ DQ XQGLUHFWHG JUDSK *  �9�(�� D FRPPXQLW\ & LV D VXE JUDSKC = (V c, Ec)

ZKHUH V c → V,Ec → E� DQG WKH HGJHV LQ D FRPPXQLW\ & DUH PRUH GHQVHO\ FRQQHFWHG ZLWK
HDFK RWKHU WKDQ WKH UHVW RI WKH JUDSK *�

������ $WWULEXWHV

&RPPXQLWLHV FDQ KDYH VHYHUDO DWWULEXWHV WKDW KHOS WR FKDUDFWHUL]H FRPPXQLW\ VWUXFWXUH� VXFK
DV RYHUODS ZLWK RWKHU FRPPXQLWLHV� ZHLJKWHG PHPEHUVKLS ZKHQ PHPEHUV EHORQJ WR GLIIHUHQW
FRPPXQLWLHV ZLWK GLIIHUHQW GHJUHHV RI FRQQHFWLRQ WR HDFK RI WKHP� UROHV RI VSHFLILF PHPEHUV
DQG KLHUDUFK\ ZLWKLQ WKH PHPEHUV RI D FRPPXQLW\�

$V SUHYLRXVO\ PHQWLRQHG� D FRPPXQLW\ LV D VHW RI YHUWLFHV� DQG WKH PHPEHUVKLS RI HDFK
YHUWH[ LQ D QHWZRUN ZDV LPSOLFLWO\ DVVXPHG WR EH WKH UHVXOW RI D ERROHDQ GHFLVLRQ� ,Q WKH FRQWH[W
RI PRELOH JDPHV� WKH FRQFHSW RI FRPPXQLW\ DQG FRPPXQLW\ PHPEHUVKLS PD\ EHPRUH FRPSOH[�
)RU H[DPSOH� LQ VRPH RI WKH DERYH FRPPXQLW\ GHILQLWLRQV� H�J�� PRVW RI WKH ORFDO RQHV >��@ >��@�
WKH RQH EDVHG RQ &OLTXH 3HUFRODWLRQ >��@� DQG RWKHUV >��@ >��@� LW LV SRVVLEOH IRU FRPPXQLWLHV WR
RYHUODS �)LJ �D�� &RPPXQLW\ RYHUODS LV HVVHQWLDO LQ PRELOH JDPHV¶ QHWZRUNV VLQFH LW LV FRPPRQ
IRU JDPHUV WR SDUWLFLSDWH LQ PXOWLSOH FRPPXQLWLHV OLNH IDPLO\� IULHQGV DQG FR�ZRUNHUV�

$OVR� WKHUH DUH DGGLWLRQDO DWWULEXWHV WKDW YHUWLFHV RI D QHWZRUN PD\ RZQ DERXW FRPPXQLWLHV�
)RU H[DPSOH� GLIIHUHQW YHUWLFHV PD\ SDUWLFLSDWH ZLWK YDU\LQJ GHJUHHV LQ D FRPPXQLW\ GHSHQGLQJ
RQ WKHLU FHQWUDOLW\ ZLWKLQ LW �)LJ �E�� )XUWKHUPRUH� YHUWLFHV PD\ KDYH GLVFUHWH UROHV� IRU H[DPSOH�
>��@ GHILQH WZR UROHV �KXEV DQG RXWOLHUV� IRU YHUWLFHV WKDW DUH XQDVVLJQHG WR DQ\ FRPPXQLW\�
+XEV DUH FRQQHFWHG WR PXOWLSOH FRPPXQLWLHV DQG DFW DV OLQNV� WKXV HQDEOLQJ LQWHUDFWLRQV DPRQJ
FRPPXQLWLHV� 2XWOLHUV FRQQHFW WR D VLQJOH FRPPXQLW\ WKURXJK D VLQJOH OLQN� WKHUHIRUH WKH\ DUH
UHJXODUO\ YLHZHG DV QRLVH�

5ROHV DOVR UHSUHVHQW D UHOHYDQW DWWULEXWH RI YHUWLFHV ZKHQ UHODWLQJ WR WKHLU FRPPXQLW\ >��@�
7KH PRVW UHOHYDQW UROHV DUH ³ORQHUV´� ³ELJ ILVK´� ³EULGJHV´ DQG ³DPEDVVDGRUV´� $ GHSLFWLRQ RI
WKHVH UROHV FDQ EH VHHQ LQ ILJXUH �F�

,W LV DOVR SRVVLEOH WR LPSRVH KLHUDUFKLFDO �)LJ �G� RU PXOWL�VFDOH VWUXFWXUHV RQ FRPPXQLWLHV�
&RPPXQLW\ RUJDQL]DWLRQ RSHUDWHV DW PDQ\ GLIIHUHQW OHYHOV LQ D YDULHW\ RI FRPPXQLWLHV� )RU
LQVWDQFH� D JURXS RI SOD\HUV PD\ EHORQJ WR D FRPPXQLW\ IRFXVHG RQ D SDUWLFXODU JDPH DFWLYLW\
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�H�J� QLQH�EDOO SRRO SOD\HUV LQ PRELOH SRRO JDPHV�� DQG DW WKH VDPH WLPH� WKH PHPEHUV RI WKLV
JURXS FDQ DOVR EH PHPEHUV RI D EURDGHU FRPPXQLW\ �SRRO JDPHV��

)LJXUH �� &RPPXQLW\ $WWULEXWHV >��@

������ /LIH�&\FOH

7KH SHUVLVWHQFH RYHU WLPH RI FRPPXQLWLHV WKDW XQGHUJR FRQWLQXRXV FKDQJHV LV D VLJQLILFDQW SURE�
OHP WR WDFNOH� 0RVW HIIRUWV IRFXVHG RQ FRPPXQLW\ WUDFNLQJ DJUHH RQ WKH VHW RI VLPSOH DFWLRQV
WKDW LQYROYH HQWLWLHV RI D G\QDPLF QHWZRUN� QRGH�HGJH ULVH DQG YDQLVK� 6XUHO\� VXFK ORFDO DQG
DWRPLF RSHUDWLRQV FDQ PDNH SHUWXUEDWLRQV LQ WKH QHWZRUN WRSRORJ\ FDSDEOH RI DIIHFWLQJ WKH RXW�
FRPHV GHOLYHUHG E\ FRPPXQLW\ GLVFRYHU\ DOJRULWKPV� $V D FRQVHTXHQFH RI WKLV VHW RI DFWLRQV�
JLYHQ D FRPPXQLW\ & REVHUYHG DW GLIIHUHQW PRPHQWV LQ WLPH� LW LV PDQGDWRU\ WR FKDUDFWHUL]H WKH
WUDQVIRUPDWLRQV LW XQGHUJRHV� 7KH ILUVW FDWHJRUL]DWLRQ RI WKH WUDQVIRUPDWLRQV WKDW DIIHFW FRP�
PXQLWLHV ZDV LQWURGXFHG LQ >��@� ZKLFK OLVWV VL[ RI WKHP �%LUWK� 'HDWK� *URZWK� &RQWUDFWLRQ�
0HUJH� 6SOLW�� $ VHYHQWK RSHUDWLRQ� ³&RQWLQXH´� LV VRPHWLPHV DGGHG WR WKHVH� ,Q >��@� WKH DX�
WKRUV SUHVHQW DQ HLJKW RSHUDWLRQ �5HVXUJHQFH��

��



)LJXUH �� &RPPXQLW\ (YHQWV >��@

��



7KHVH WUDQVIRUPDWLRQV� UHSUHVHQWHG LQ ILJXUH � IURP >��@� DUH WKH IROORZLQJ�

• %LUWK� WKH ILUVW DSSHDUDQFH RI D QHZ FRPPXQLW\ FRPSRVHG RI DQ\ QXPEHU RI QRGHV�
• 'HDWK� WKH YDQLVKLQJ RI D FRPPXQLW\� DOO QRGHV EHORQJLQJ WR WKH YDQLVKHG FRPPXQLW\
ORVH WKLV PHPEHUVKLS�

• *URZWK� QHZ QRGHV LQFUHDVH WKH VL]H RI D FRPPXQLW\�
• &RQWUDFWLRQ� VRPH QRGHV DUH UHMHFWHG E\ D FRPPXQLW\ WKXV UHGXFLQJ LWV VL]H�
• 0HUJH� WZR FRPPXQLWLHV RU PRUH PHUJH LQWR D VLQJOH RQH�
• 6SOLW� D FRPPXQLW\� DV D FRQVHTXHQFH RI QRGH�HGJH YDQLVKLQJ� VSOLWV LQWR WZR RU PRUH
FRPSRQHQWV�

• &RQWLQXH� D FRPPXQLW\ UHPDLQV XQFKDQJHG�
• 5HVXUJHQFH� D FRPPXQLW\ YDQLVKHV IRU D SHULRG� WKHQ FRPHV EDFNZLWKRXW SHUWXUEDWLRQV
DV LI LW KDV QHYHU VWRSSHG H[LVWLQJ� 7KLV HYHQW FDQ EH VHHQ DV D IDNH GHDWK�ELUWK SDLU
LQYROYLQJ WKH VDPH QRGH�VHW RYHU D ODJJHG SHULRG �H[DPSOH� VHDVRQDO EHKDYLRXUV��

������ ,QVWDELOLW\ DQG 7HPSRUDO 6PRRWKLQJ

2QH RI WKH PDLQ LVVXHV HQFRXQWHUHG E\ G\QDPLF FRPPXQLW\ GLVFRYHU\ PHWKRGRORJLHV LV WKH
LQVWDELOLW\ RI VROXWLRQV� 6XFK D SUREOHP FRPHV IURP WKH YHU\ HVVHQFH RI FRPPXQLWLHV� ,W LV
ZLGHO\ DFFHSWHG WKDW WKHUH LV QRW D VLQJOH YDOLG EUHDNGRZQ LQ FRPPXQLWLHV RI D G\QDPLF QHWZRUN
LVVXHG IURP ILHOG GDWD EXW� LQVWHDG� VHYHUDO SRVVLEOH RQHV� %HVLGHV� PRVW DOJRULWKPV JHQHUDWH
SDUWLWLRQLQJV LQ ZKLFK D YHUWLFH LV DVVLJQHG XQDPELJXRXVO\ WR RQH DQG RQO\ RQH FRPPXQLW\�
,QGHHG� ZH DUH DZDUH WKDW VXFK D VFHQDULR UHSUHVHQWV D VLPSOLILFDWLRQ� YHUWLFHV RIWHQ EHORQJ WR
PDQ\ FRPPXQLWLHV� DQG WKH EHORQJLQJ WR HDFK RI WKHP LV QRW QHFHVVDULO\ ELQDU\ >��@�

���� &RPPXQLW\ 'LVFRYHU\ 0HWKRGV

������ &ODVVLILFDWLRQ

7KH OLWHUDWXUH FRQWDLQV VHYHUDO PHWKRGV WR GHWHFW FRPPXQLWLHV IRU HDFK FRPPXQLW\ GHILQLWLRQ
DYDLODEOH� 2Q WKLV VHFWLRQ� ZHZLOO UHYLHZ WKHPRVW SUHVWLJLRXV JURXSV RI VXFKPHWKRGV DFFRUGLQJ
WR >��@ DQG DVVRFLDWH WKHP ZLWK WKH GHILQLWLRQV SUHVHQWHG LQ WKH SUHYLRXV VHFWLRQ�

%HIRUH DGYDQFLQJ ZLWK WKH DQDO\VLV RI WKH PHWKRGV� ZH ZLOO ILUVW GHVFULEH WKH UHODWLRQVKLS
EHWZHHQ WKH SUREOHP RI FRPPXQLW\ GLVFRYHU\ ZLWK WKDW RI JUDSK SDUWLWLRQLQJ DQG JUDSK FOXVWHU�
LQJ� *UDSK SDUWLWLRQLQJ LV D ZHOO�VSHFLILHG SUREOHP� GLYLGH WKH YHUWLFHV RI D JUDSK LQWR Q JURXSV
RI JLYHQ VL]HV VXFK WKDW WKH QXPEHU RI HGJHV O\LQJ EHWZHHQ WKH JURXSV �FXW VL]H� LV PLQLPXP�

&RPPXQLW\ GLVFRYHU\ LV GLIIHUHQW IURP JUDSK SDUWLWLRQLQJ LQ WZR SULPDU\ DVSHFWV� ,Q WKH
ILUVW SODFH� FRPPXQLW\ GLVFRYHU\ UHTXLUHV QHLWKHU WKH QXPEHU RI JURXSV QRU WKHLU VL]HV DV LQSXW LQ
RUGHU WR H[WUDFW WKHP� )XUWKHUPRUH� WKH UHVXOW RI FRPPXQLW\ GLVFRYHU\PD\ QRW EH D SDUWLWLRQ� L�H�
D VHW RI YHUWH[ VHWV� ZKRVH XQLRQ LV WKH VHW RI DOO JUDSK YHUWLFHV DQG ZKRVH SDLUZLVH LQWHUVHFWLRQV
DOZD\V UHVXOW LQ WKH HPSW\ VHW� $V EHFDPH DSSDUHQW LQ WKH SUHYLRXV VHFWLRQ� FRPPXQLWLHV LQ D
QHWZRUN PD\ SUHVHQW RYHUODSSLQJ� DQG WKHUH PD\ EH YHUWLFHV LQ D QHWZRUN WKDW GR QRW EHORQJ WR
DQ\ FRPPXQLW\�

&RPPXQLW\ GLVFRYHU\ LV DOPRVW LQWHU�FKDQJHDEO\ XVHG ZLWK JUDSK FOXVWHULQJ >��@ >��@� ,Q
ERWK SUREOHPV� WKH JRDO LV WR LGHQWLI\ JURXSV RI YHUWLFHV RQ D JUDSK WKDW FRQQHFW VWURQJO\ ZLWK

��



HDFK RWKHU WKDQ ZLWK WKH UHVW RI WKH QHWZRUN� 1HYHUWKHOHVV� GLIIHUHQWLDWLRQ DPRQJ WKH WZR SURE�
OHPV UHJDUGV WKH UHTXLUHPHQW IRU NQRZLQJ WKH QXPEHU RI FRPPXQLWLHV�FOXVWHUV WKDW D PHWKRG LV
H[SHFWHG WR LGHQWLI\� &RPPXQLW\ GLVFRYHU\ PHWKRGV XVXDOO\ GR QRW QHHG WKH QXPEHU RI FRP�
PXQLWLHV WR EH SURYLGHG� EXW LQVWHDG� WKH QXPEHU RI FRPPXQLWLHV LV RQH RI WKH PHWKRG RXWSXWV�
,Q FRQWUDVW� WKHUH DUH GLYHUVH JUDSK FOXVWHULQJ WHFKQLTXHV WKDW UHTXLUH WKH QXPEHU RI FOXVWHUV DV
LQSXW� 'XH WR WKH ODUJH VFDOH DQG HYROYLQJ QDWXUH RI PRELOH JDPLQJ� LW LV QHDUO\ XQWKLQNDEOH WR
NQRZ RU HYHQ WR HVWLPDWH WKH QXPEHU RI FRPPXQLWLHV LQ D PRELOH JDPH QHWZRUN�

)LJXUH �� &ODVVLILFDWLRQ RI FRPPXQLW\ GLVFRYHU\ DQG JUDSK FOXVWHULQJ PHWKRGV >��@

�������� &RKHVLYH 6XEJUDSK 'LVFRYHU\

)RU FRKHVLYH VXEJUDSK GLVFRYHU\� WKH VWUXFWXUDO SURSHUWLHV WKDW WKH VXEJUDSK PXVW VDWLVI\ LQ RUGHU
WR EH FRQVLGHUHG D FRPPXQLW\ PXVW EH GHILQHG D SULRU\� 2QFH D VXEJUDSK VWUXFWXUH LV VSHFLILHG�
PHWKRGV LQYROYH WKH HQXPHUDWLRQ RI VXFK VWUXFWXUHV LQ WKH QHWZRUN XQGHU VWXG\�

7KH ORFDO FRPPXQLW\ GHILQLWLRQV SUHVHQWHG LQ >��@ DUH H[DPSOHV RI VXFK FRKHVLYH VWUXFWXUHV
DQG WKHUHIRUH DOJRULWKPLF VFKHPHV IRU HQXPHUDWLQJ VXFK VWUXFWXUHV� VXFK DV WKH %URQ±.HUERVFK
DOJRULWKP >��@ DQG WKH HIILFLHQW N�FRUH GHFRPSRVLWLRQ DOJRULWKP RI >�@� EHORQJ WR WKLV FODVV RI

��



FRPPXQLW\ GLVFRYHU\ PHWKRGV� $OVR� PHWKRGV VXFK DV WKH &OLTXH 3HUFRODWLRQ 0HWKRG >��@
DQG WKH 6&$1 DOJRULWKP >��@� ZKLFK SRLQW WR WKH GLVFRYHU\ RI VXEJUDSK VWUXFWXUHV ZLWK ZHOO�
VSHFLILHG SURSHUWLHV� IDOO XQGHU WKH VDPH FODVV RI PHWKRGV�

�������� 9HUWH[ &OXVWHULQJ

7KH PHWKRGV SUHVHQWHG LQ WKLV VXEVHFWLRQ RULJLQDWH IURP FRQYHQWLRQDO GDWD FOXVWHULQJ UHVHDUFK�
7KH XVXDO ZD\ RI FDVWLQJ D JUDSK YHUWH[ FOXVWHULQJ SUREOHP WR RQH WKDW ZH FDQ VROYH ZLWK WUDGL�
WLRQDO GDWD FOXVWHULQJ PHWKRGV LV WKURXJK VHWWLQJ JUDSK YHUWLFHV LQ D YHFWRU VSDFH� ZKHUH ZH FDQ
GHWHUPLQH SDLUZLVH GLVWDQFHV EHWZHHQ YHUWLFHV�

$Q DOWHUQDWLYH EXW \HW SRSXODU PHWKRG LV WR XVH WKH VSHFWUXP RI WKH JUDSK IRU PDSSLQJ JUDSK
YHUWLFHV WR SRLQWV LQ D ORZ�GLPHQVLRQDO VSDFH� ZKHUH WKH FOXVWHU VWUXFWXUH LV PRUH SURIRXQG >��@
>��@�

2WKHU YHUWH[ VLPLODULW\ PHDVXUHV VXFK DV WKH VWUXFWXUDO HTXLYDOHQFH >��@ DQG WKH QHLJKERXU�
KRRG RYHUODS KDYH EHHQ XVHG WR FRPSXWH VLPLODULWLHV EHWZHHQ JUDSK YHUWLFHV >��@�

/DVW EXW QRW OHDVW� :DONWUDS LV D XQLTXH PHWKRG WKDW GHULYHV DQ RSWLPDO YHUWH[ FOXVWHULQJ
VWUXFWXUH� 7KH PHWKRG XVHV UDQGRP�ZDON EDVHG VLPLODULW\ EHWZHHQ YHUWLFHV DQG FRPPXQLWLHV
WRJHWKHU ZLWK PRGXODULW\ LQ D KLHUDUFKLFDO DJJORPHUDWLYH FOXVWHULQJ VFKHPH >��@�

�������� &RPPXQLW\ 4XDOLW\ 2SWLPL]DWLRQ

$ YDVW QXPEHU RI PHWKRGV IRU FRPPXQLW\ GLVFRYHU\ ZRUN WKURXJK WKH RSWLPL]DWLRQ RI PHDVXUHV
UHODWHG WR FRPPXQLW\ TXDOLW\� 7KH ILUVW RQHV WR TXDQWLI\ WKH FRPPXQLW\ TXDOLW\ ZLWK QHWZRUN
GLYLVLRQ LQWR FOXVWHUV ZHUH WKH QRUPDOL]HG FXW >��@ DQG FRQGXFWDQFH >��@� 7KH PHDVXUH RI PRG�
XODULW\ LQFLWHG D ZKROH QHZ VXUJH RI UHVHDUFK� 7KHUH DUH PDQ\ PD[LPL]DWLRQ WHFKQLTXHV LQ WKH
OLWHUDWXUH IRU PRGXODULW\� 7KLV FDWHJRU\ LQFOXGHV DOO RI WKHP� VWDUWLQJ IURP WKH PRVW VWUDLJKWIRU�
ZDUG PHWKRGV VXFK DV WKH VHPLQDO JUHHG\ RSWLPL]DWLRQ WHFKQLTXH RI 1HZPDQ ������ DQG IDVWHU
YHUVLRQV RI LW VXFK DV PD[�KHDS EDVHG DJJORPHUDWLRQ >��@ DQG LWHUDWLYH KHXULVWLF VFKHPHV >��@
>��@� XQWLO WKH PRUH VRSKLVWLFDWHG� VXFK DV� H[WUHPDO RSWLPL]DWLRQ >��@� VLPXODWHG DQQHDOLQJ >��@
DQG VSHFWUDO RSWLPL]DWLRQ �1HZPDQ ������

0HWKRGV DLPLQJ DW WKH RSWLPL]DWLRQ RI ORFDO PHDVXUHV RI FRPPXQLW\ TXDOLW\� VXFK DV ORFDO
DQG VXEJUDSK PRGXODULW\ >��@>��@� DOVR EHORQJ WR WKLV FDWHJRU\� /DVWO\� WKLV FDWHJRU\ LQFRUSR�
UDWHV PHWKRGV WKDW H[SORLW WKH ´KLOOV´ DQG ´YDOOH\V´ LQ WKH GLVWULEXWLRQ RI QHWZRUN�EDVHG QRGH RU
HGJH IXQFWLRQV� H�J� WKH 0RGX/DQG IUDPHZRUN SURSRVHG E\ >��@ DQG WKH ´UHDFKDELOLW\´ PHDVXUH
E\ >��@�

�������� 'LYLVLYH

'LYLVLYH PHWKRGV UHO\ RQ WKH LGHQWLILFDWLRQ RI QHWZRUN HOHPHQWV �HGJHV DQG YHUWLFHV� WKDW DUH
EHWZHHQ FRPPXQLWLHV� )RU H[DPSOH� WKH VHPLQDO DOJRULWKP E\ >��@ SURJUHVVLYHO\ UHPRYHV WKH
HGJHV RI D QHWZRUN EDVHG RQ DQ HGJH EHWZHHQQHVV PHDVXUH XQWLO FRPPXQLWLHV HPHUJH DV GH�
WDFKHG FRPSRQHQWV RI WKH JUDSK� (GJH EHWZHHQQHVV ZDV PHDVXUHG LQ VHYHUDO ZD\V� IRU LQVWDQFH�
HGJH� UDQGRP�ZDON� DQG FXUUHQW�IORZ EHWZHHQQHVV >��@� DV ZHOO DV LQIRUPDWLRQ FHQWUDOLW\ >��@
DQG WKH HGJH FOXVWHULQJ FRHIILFLHQW >��@� 9HUWH[ UHPRYDO PHWKRGV >��@ DGRSW WKH VDPH SULQFLSOH�

��



VXFK PHWKRGV UHPRYH YHUWLFHV LQ RUGHU WR H[SRVH FRPPXQLW\ VWUXFWXUH� /DVWO\� PLQ�FXW�PD[�
IORZ PHWKRGV >��@ >��@ DGRSW D GLIIHUHQW GLYLVLYH YLHZSRLQW� WKH\ WU\ WR LGHQWLI\ JUDSK FXWV �L�H�
VHWV RI HGJHV WKDW VHSDUDWH WKH JUDSK LQ SLHFHV� WKDW KDYH D PLQLPXP VL]H�

�������� 0RGHO�EDVHG

0RGHO�EDVHG PHWKRGV HLWKHU FRQVLGHU D G\QDPLF SURFHVV WDNLQJ SODFH RQ WKH QHWZRUN� ZKLFK
UHYHDOV LWV FRPPXQLWLHV RU DQ XQGHUO\LQJ PRGHO RI VWDWLVWLFDO QDWXUH WKDW FDQ JHQHUDWH WKH GLYL�
VLRQ RI WKH QHWZRUN LQWR FRPPXQLWLHV� ([DPSOHV RI G\QDPLF PHWKRGV DUH ODEHO SURSDJDWLRQ >��@
>��@ >��@� V\QFKURQL]DWLRQ RI .XUDPRWR RVFLOODWRUV >��@� GLIIXVLRQ IORZ� DOVR NQRZQ DV 0DUNRY
&OXVWHU $OJRULWKP >��@� DQG WKH IDPRXV 63,1 PRGHO E\ >��@� $OVR� FRPPXQLW\ GLVFRYHU\ FDQ
EH FDVW DV D VWDWLVWLFDO LQIHUHQFH SUREOHP �+DVWLQJV ������ DVVXPLQJ VRPH XQGHUO\LQJ SURED�
ELOLVWLF PRGHO� VXFK DV WKH SODQWHG SDUWLWLRQ PRGHO� WKDW JHQHUDWHV WKH FRPPXQLW\ VWUXFWXUH DQG
HVWLPDWHV WKH SDUDPHWHUV RI WKLV PRGHO� 2WKHU PRGHO�EDVHG DSSURDFKHV UHO\ RQ WKH SULQFLSOH WKDW
D ORZ HQFRGLQJ FRVW GHWHUPLQHV D IXQFWLRQDO FOXVWHULQJ� VR WKH\ SHUIRUP FRPPXQLW\ GLVFRYHU\
E\ ILQGLQJ WKH FOXVWHU VWUXFWXUH WKDW UHVXOWV LQ WKH ORZHVW SRVVLEOH FOXVWHU HQFRGLQJ FRVW >��@�

������ 3HUIRUPDQFH

6HYHUDO VWXGLHV KDYH EHHQ GRQH LQ FRPSDULQJ WKH SHUIRUPDQFH RI WKH GLIIHUHQW FRPPXQLW\ GLV�
FRYHU\ PHWKRGV� ,Q >��@ WKH DXWKRU LGHQWLILHV FRPSXWDWLRQDO FRPSOH[LW\ DQG PHPRU\ UHTXLUH�
PHQWV DV WZR NH\ IDFWRUV ZKHQ FRQVLGHULQJ GLIIHUHQW PHWKRGV� ,Q WDEOH �� ZH FDQ VHH WKH DXWKRUV
FRPSDULVRQ RI DOO PHWKRGV FRPSOH[LW\ EDVHG RQ WZR GLIIHUHQW VFHQDULRV� )URP WDEOH � WKH DXWKRU
FRQFOXGHV WKDW YHUWH[ FOXVWHULQJ DQG GLYLVLYH DSSURDFKHV SUHVHQW FRPSOH[LWLHV KLJKHU WKDQ TXD�
GUDWLF WR WKH QXPEHU RI QHWZRUN YHUWLFHV� ZKLFK UHQGHUV WKHP LPSURSHU IRU ODUJH VFDOH QHWZRUNV
VXFK DV VRFLDO QHWZRUNV�

7KH DXWKRU DOVR GHYHORSV DQ H[SHULPHQWDO VWXG\ WKDW FRPSDUHV HLJKW PHWKRGV XVLQJ V\QWKHWLF
EHQFKPDUN JUDSKV IURP >��@� 7KH VWXG\ PHDVXUHG H[HFXWLRQ WLPH� 1RUPDOL]HG 0XWXDO ,QIRU�
PDWLRQ �10,� DQG SHDN PHPRU\ FRQVXPSWLRQ IRU HDFK PHWKRG� 7KH DXWKRU FRQFOXGHG WKDW WKH
IDVWHVW PHWKRGV ZHUH ODEHO SURSDJDWLRQ >��@ ����V� DQG FRPPXQLW\ IROGLQJ >��@ ����V� ZLWK WKH
ORZHVW RQHV EHLQJ 0&/ >��@ ���V� DQG 63,1 >��@ ���PLQ�� &RPPXQLW\ IROGLQJ >��@ ZDV DOVR
WKH PHWKRG ZLWK OHDVW PHPRU\ FRQVXPSWLRQ� $OO PHWKRGV VXIIHUHG FRQVLGHUDEOH ORVVHV LQ 10,
ZLWK WKH LQFUHDVLQJ QXPEHU RI QRGHV EXW FRPPXQLW\ IROGLQJ >��@� ZDONWUDS >��@ DQG 63,1 >��@
ZHUH WKH PRVW UHVLOLHQW�

)URP WDEOH � ZH VHOHFWHG WKUHH PHWKRGV WR SHUIRUP FRPPXQLW\ GLVFRYHU\ LQ RXU PHWKRGRO�
RJ\� 6LQFH PRELOH JDPHV WHQG WR KDYH D KLJK QXPEHU RI SOD\HUV >�@ ZH FKRVH PHWKRGV WKDW ZHUH
H[SHFWHG WR KDYH JRRG SHUIRUPDQFH LQ SRSXODWLRQV RI PRUH WKDQ ������� SOD\HUV� 7KH VHOHFWHG
PHWKRGV ZHUH /DEHO SURSDJDWLRQ >��@ >��@� &RPPXQLW\ IROGLQJ >��@ DQG 6SHFWUDO RSWLPL]DWLRQ
>��@�

��



0HWKRG &RPSOH[�$ &RPSOH[�% 6FDOH
&RKHVLYH VXEVWUXFWXUH GHWHFWLRQ
$OJRULWKP ��� >��@ O(3n/3) O(3n/3) 6
N�FRUH GHWHFWLRQ >��@ O(n2) O(n) /
6&$1 >��@ O(n2) O(n) /
9HUWH[ FOXVWHULQJ
(PEHGGLQJ LQ VSDFH � N�PHDQV O(C n2) O(C n2) 0
:DONWUDS >��@ O(n4) O(n2 log n) 0
/DSODFLDQ HLJHQYHFWRUV >��@ O(C n2) O(C n2) 0
&RPPXQLW\ TXDOLW\ RSWLPL]DWLRQ
>��@ O(n2 d log n) O(n log2 n) 0
([WUHPDO RSWLPL]DWLRQ >��@ O(n2 log n) O(n2 log n) 0
6SHFWUDO RSWLPL]DWLRQ >��@ O(n2 log n) O(n2 log n) 0
&RPPXQLW\ IROGLQJ >��@ O(n2) O(n) /
'LYLVLYH
>��@ O(n5) O(n3) 6
,QIRUPDWLRQ FHQWUDOLW\ >��@ O(n7) O(n4) 6
(GJH FOXVWHULQJ FRHIILFLHQW >��@ O(n6) O(n2) 0
0D[ IORZ � *RPRU\�+X WUHH >��@ O(n4 log n) O(n3 log n) 6
0RGHO %DVHG
0&/ >��@ O(n3) O(n3) 0
0LQLPXP HQFRGLQJ FRVW >��@ O(n2) O(n) /
/DEHO SURSDJDWLRQ >��@ >��@ O(n2) O(n) /
,QIRPDS >��@ O(n2 log n) O(n log n) /

7DEOH �� 7ZR ERXQGV DUH SURYLGHG� RQH IRU JHQHUDO JUDSKV LUUHVSHFWLYH RI GHQ�
VLW\ �&RPSOH[LW\�$�DQG RQH FRPSXWHG XQGHU WKH DVVXPSWLRQ WKDW WKH JUDSK LV
VSDUVH �&RPSOH[LW\�%�� )XUWKHUPRUH� WKH VFDOH RI JUDSKV IRU ZKLFK HDFK PHWKRG
LV DSSURSULDWH LV SURYLGHG: 6 VWDQGV IRU VPDOO VFDOH �< 104 QRGHV�� 0 VWDQGV IRU
PHGLXP VFDOH �< 106 QRGHV�� DQG / IRU ODUJH VFDOH �106í109 QRGHV� >��@

��
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&+$37(5 �

5HVHDUFK 0HWKRGRORJ\

7KLV FKDSWHU SUHVHQWV WKH PHWKRGRORJ\ XVHG WR DQDO\VH PRELOH JDPLQJ LQWHUDFWLRQV� )LUVWO\ ZH
ZLOO GHVFULEH WKH (7/ SURFHVV XVHG WR FROOHFW GDWD DQG EXLOG D QHWZRUN RI LQWHUDFWLRQV RI D UHDO
PRELOH JDPH� 6HFRQGO\ ZH ZLOO GHPRQVWUDWH KRZ ZH GLVFRYHUHG DQG FODVVLILHG FRPPXQLWLHV
EDVHG RQ WKHLU OLIH�F\FOH HYHQWV� /DVWO\ ZH ZLOO SUHVHQW RXU K\SRWKHVHV IRU WKLV UHVHDUFK WKURXJK
IULHQGVKLS UHFRPPHQGDWLRQ�

7KURXJK WKLV FKDSWHU� ZH ZLOO GHVFULEH VHYHUDO QHWZRUNV VFHQDULRV� DQG ZH ZLOO DOZD\V UHIHU
WR WKH YHUWLFHV DV SOD\HUV DQG WKH HGJHV DV UHODWLRQV�

���� 'DWD 3UHSDUDWLRQ

+DYLQJ D UHOLDEOH G\QDPLF QHWZRUN LV HVVHQWLDO WR PDNH FRPPXQLW\ GLVFRYHU\� 7R DFKLHYH WKDW
ZH GHILQHG WZR VRFLDO LQWHUDFWLRQV EHWZHHQ SOD\HUV WKDW ZH ZDQWHG WR REVHUYH DQG WKDW ZH DOVR
FRQVLGHU ZLGHO\ SUHVHQW LQ WKH PRELOH JDPLQJ LQGXVWU\� :H GLG WKLV WR HQVXUH WKDW WKLV PHWKRG�
RORJ\ ZDV UHSURGXFLEOH DQG VWUDLJKWIRUZDUG DFURVV DOO JDPHV�

7KH ILUVW UHODWLRQ LV WKH PRVW EDVLF IRUP RI SOD\HU LQWHUDFWLRQ LQ PRELOH JDPHV ZKLFK LV
SOD\LQJ D PDWFK EHWZHHQ WZR SOD\HUV� 0RUH WKDQ WZR SOD\HUV FDQ SDUWLFLSDWH LQ D VLQJOH PDWFK�
EXW RQ WKLV WKHVLV� ZH ZLOO MXVW FRQVLGHU PDWFKHV RI WZR SOD\HUV�

0RELOH JDPHV DUH VRFLDO JDPHV >��@ VR WKH VHFRQG LQWHUDFWLRQ ZH GHILQHG ZDV IULHQGVKLS�
)ULHQGVKLS LV WKH PRVW FRPPRQ IRUP RI VRFLDO UHODWLRQVKLSV IRXQG LQ VRFLDO QHWZRUNV DQG VXE�
VHTXHQWO\ LQ VRFLDO JDPHV� ,W LV FRPPRQ LQ PRELOH JDPHV WR KDYH D IULHQGV OLVW ZKHUH WKH SOD\HU
FDQ VHH ZKDW IULHQGV �RWKHU SOD\HUV� DUH RQOLQH RU HYHQ ZKDW DFWLYLW\ DUH WKH\ GRLQJ LQ WKH JDPH�

7R EH DEOH WR EXLOG D UHODWLRQDO QHWZRUN RI WKHVH LQWHUDFWLRQV� ZH GHILQHG WKH IROORZLQJ VHW
RI HYHQWV WR REVHUYH�

• 0DWFK � $ PDWFK SOD\HG EHWZHHQ WZR SOD\HUV�
• $GG�IULHQG � )ULHQGVKLS IRUPHG EHWZHHQ WZR SOD\HUV�
• 5HPRYH�IULHQG � )ULHQGVKLS EURNHQ EHWZHHQ WZR SOD\HUV�

������ &ROOHFWLRQ

7R FROOHFW HYHQWV� ZH GHYHORSHG D 5(67ZHE VHUYLFH �LGHQWLILHG LQ ILJXUH � DV 7�� WKDW LQWHJUDWHG
ZLWK WKH JDPH DQG UHFHLYHG D UHTXHVW HDFK WLPH DQ HYHQW ZDV REVHUYHG GXULQJ JDPHSOD\� 7� ZDV
GHSOR\HG LQ D VFDODEOH FOXVWHU ZLWK ORDG EDODQFLQJ DVVXUH WKDW ZH FRXOG KDQGOH ODUJH DPRXQWV RI
SOD\HUV DQG GDWD�

$V VKRZQ LQ ILJXUH �� DIWHU WKH ZHE VHUYLFH UHFHLYHG DQ HYHQW� WKH -621 SD\ORDG RI WKH
UHTXHVW ZDV IRUZDUGHG WR D $SDFKH .DIND >��@ WRSLF�

��



7KH WRSLF LQ WKLV SURFHVV DFWHG DV D EXIIHU PHFKDQLVP WKDW JXDUDQWHHG WKDW QR HYHQWV ZHUH
ORVW XQWLO WKH\ ZHUH FRQVXPHG E\ 7�� 6LQFH RXU 5(67 ZHE VHUYLFH �7�� ZDV LQWHUQHW�IDFLQJ� LW
ZDV LPSRUWDQW WR GHOHJDWH WKH ILOH JHQHUDWLRQ WR RWKHU VHUYLFH �LGHQWLILHG LQ ILJXUH � DV 7��� 7KLV
VHUYLFH ZDV DOVR GHSOR\HG LQ D VFDODEOH FOXVWHU WKDW ZDV VROHO\ UHVSRQVLEOH E\ FRQVXPLQJ HYHQWV
IURP WKH WRSLF DQG JHQHUDWLQJ ILOHV LQWR WKH GDWD ODNH�

)LOH VL]H LQ PRGHUQ GDWD ODNHV VKRXOG QRW EH WRR VPDOO VLQFH LW LV SUHMXGLFLDO IRU SHUIRUPDQFH�
)RU WKLV WKHVLV ZH¶YH FKRVHQ WR XVH -621 ILOHV ZLWK DQ DYHUDJH RI ���0E DQG*=,3 FRPSUHVVLRQ�
2WKHU ILOH VL]HV RU W\SHV DUH YLDEOH WR XVH VXFK DV 3DUTXHW >��@� 25& >��@ RU $952 >��@�

)LJXUH �� 'DWD FROOHFWLRQ SURFHVV

7R DVVXUH WKDW ZH GLG QRW KDYH UHOHYDQW GDWD FRQVLVWHQF\ LVVXHV� ZH GHILQHG VFKHPDV IRU HDFK
HYHQW WKDW ZHUH YDOLGDWHG E\ WKH 5(67 ZHE VHUYLFH �7��� ,I DQ\ HYHQW VHQW E\ WKH GHYLFH GLG QRW
PHHW WKH VFKHPD� LW ZDV GLVFDUGHG DQG QRW IRUZDUGHG WR WKH WRSLF� ([DPSOHV RI WKH ERG\ RI WKH
UHTXHVWV DUH SUHVHQWHG LQ WKH IROORZLQJ OLVWLQJV�

/LVWLQJ ���� 0DWFK HYHQW H[DPSOH
^

´ W LPHV W DPS ´ � ���������� �
´ X V H U B L G ´ � � �
´ RSSRQHQ W B L G ´ � �

`

��



/LVWLQJ ���� $GG�IULHQG HYHQW H[DPSOH
^

´ W LPHV W DPS ´ � ���������� �
´ X V H U B L G ´ � � �
´ I U L H Q G B L G ´ � �

`

/LVWLQJ ���� 5HPRYH�IULHQG HYHQW H[DPSOH
^

´ W LPHV W DPS ´ � ���������� �
´ X V H U B L G ´ � � �
´ I U L H Q G B L G ´ � �

`

������ 7UDQVIRUPDWLRQ

:LWK ILOHV RQ WKH GDWD ODNH� ZH EHJDQ WR EXLOG RXU G\QDPLF QHWZRUN XVLQJ WKH JUDSK GDWDEDVH
1HR�- >��@� 7KURXJK WKH SURFHVV SUHVHQWHG LQ ILJXUH �� ZH FDQ VHH WKDW D ZRUNHU �7�� ZDV XVHG
WR SLFN XS HYHQW GDWD IURP WKH GDWD ODNH DQG JHQHUDWH &\SKHU >��@ VWDWHPHQWV WR LQVHUW LW LQWR
1HR�-�

)LJXUH �� 'DWD WUDQVIRUPDWLRQ SURFHVV

)RU WKH ZRUNHU WR FRQYHUW HDFK HYHQW LQWR &\SKHU VWDWHPHQWV ZH QHHGHG WR PDNH VRPH GDWD
PRGHOOLQJ DVVXPSWLRQV�

��



������ 0RGHOOLQJ

,Q WKLV VXEVHFWLRQ ZH ZLOO SUHVHQW WKH DVVXPSWLRQV XVHG WR LPSURYH WKH TXDOLW\ RI WKH G\QDPLF
QHWZRUN DQG SURYLGH D EHWWHU IRXQGDWLRQ IRU FRPPXQLW\ GLVFRYHU\�

�������� 0DWFK

(DFK WLPH WZR SOD\HUV SOD\HG D PDWFK� ZH FRQVLGHUHG WKDW DV D UHODWLRQ EHWZHHQ WKHP VXFK DV
SUHVHQWHG LQ ILJXUH ��

)LJXUH �� 8QZHLJKWHG PDWFK UHODWLRQ

7KLV UHODWLRQ EHWZHHQ SOD\HUV ZDV XQGLUHFWHG DQG FRXOG EH XQZHLJKWHG� $OWKRXJK VLQFH
SOD\HUV FRXOG� DQG GLG� SOD\ PRUH WKDQ RQH PDWFK EHWZHHQ WKHP WKURXJK WLPH� ZH PDGH WKLV
UHODWLRQ ZHLJKWHG� DQG HDFK QHZ PDWFK EHWZHHQ WKH VDPH SOD\HUV ZRXOG LQFUHPHQW WKH ZHLJKW
E\ RQH� ,Q ILJXUH �� ZH FDQ VHH WKDW UHODWLRQ LOOXVWUDWHG DIWHU WKUHH PDWFK HYHQWV�

)LJXUH �� :HLJKWHG PDWFK UHODWLRQ

�������� )ULHQGVKLS

(DFK WLPH D SOD\HU EHFRPHV DQ LQ�JDPH IULHQG RI DQRWKHU SOD\HU� ZH FRQVLGHUHG WKDW DV D UHODWLRQ
EHWZHHQ WKHP VXFK DV SUHVHQWHG LQ ILJXUH ���

)LJXUH ��� )ULHQGV UHODWLRQ

��



7KH IULHQGVKLS EHWZHHQ WZR SOD\HUV ZDV DQ XQGLUHFWHG DQG XQZHLJKWHG UHODWLRQ� 7KH UHODWLRQ
ZDV UHPRYHG LI WKH WZR SOD\HUV ORVW IULHQGVKLS� RU E\ RWKHU ZRUGV� JHQHUDWHG D UHPRYH�IULHQG
HYHQW�

�������� '\QDPLF 1HWZRUN

:LWK WKH DVVXPSWLRQV SUHYLRXVO\ SUHVHQWHG� ZH EXLOW D G\QDPLF QHWZRUN LQ 1HR�- WKDW KDG DOO
WKH HYHQWV UHODWLRQDO GDWD� $V SUHVHQWHG LQ ILJXUH �� SOD\HUV FRXOG KDYH IULHQGVKLS DQG PDWFK
UHODWLRQV� RU ERWK�

)LJXUH ��� 1HWZRUN H[DPSOH

������ 6QDSVKRWV

)RU WKH G\QDPLF QHWZRUN FUHDWHG� ZH GHILQHG WKDW GDWD ZRXOG EH FROOHFWHG IRU �� GD\V� 7KLV
SHULRG RI �� GD\V KDG ILYH LQVWDQWV RI REVHUYDWLRQ VHSDUDWHG E\ SHULRGV RI �� GD\V� DV LOOXVWUDWHG
LQ ILJXUH ���

)LJXUH ��� 6QDSVKRWV WLPH GLYLVLRQ

:LWK WKLV GLVWULEXWLRQ GDWD ZRXOG EH SDUWLWLRQHG LQWR � VQDSVKRWV FRUUHVSRQGHQW WR HDFK LQ�
VWDQW LQ WLPH�

��



���� &RPPXQLW\ 'LVFRYHU\

7R DSSO\ FRPPXQLW\ GLVFRYHU\ PHWKRGRORJ\ WR RXU QHWZRUN� ZH QHHGHG WR XQGHUVWDQG ZKDW
PHWKRGV ZRXOG ZRUN EHVW� 0RELOH JDPHV WHQG WR KDYH D KLJK QXPEHU RI SOD\HUV >�@ VR ZH
KDYH VHOHFWHG WKUHH PHWKRGV WKDW� EDVHG RQ SUHYLRXV UHVHDUFK >��@� ZHUH H[SHFWHG WR KDYH EHWWHU
SHUIRUPDQFH LQ SRSXODWLRQV RI PRUH WKDQ ������� SOD\HUV� DV VKRZQ LQ WDEOH ��

1DPH &RPSOH[LW\ 5HI
/DEHO SURSDJDWLRQ O(n2) >��@
&RPPXQLW\ IROGLQJ O(n2) >��@
6SHFWUDO RSWLPL]DWLRQ O(n2 log n) >��@

7DEOH �� 0HWKRGV VHOHFWHG

/DEHO SURSDJDWLRQ� DV WKH QDPH LPSOLHV� ZRUNV E\ SURSDJDWLQJ ODEHOV DFURVV WKH QHWZRUN DQG
IRUPLQJ FRPPXQLWLHV EDVHG RQ WKLV� 7KH PHWKRG VWDUWV HDFK QRGH ZLWK D XQLTXH FRPPXQLW\
ODEHO DQG WKHQ DW HYHU\ LWHUDWLRQ XSGDWHV QRGHV ODEHOV ZLWK WKH ODEHO WKDW WKH PD[LPXP QXPEHU
RI QHLJKERXUV EHORQJ WR� 7LHV DUH UHVROYHG DUELWUDULO\� 7KH PHWKRGRORJ\ WDNHV WKH DVVXPSWLRQ
WKDW D VLQJOH ODEHO FDQ TXLFNO\ EHFRPH GRPLQDQW LQ D GHQVHO\ FRQQHFWHG JURXS RI QRGHV� EXW ZLOO
KDYH WURXEOH FURVVLQJ D VSDUVHO\ FRQQHFWHG UHJLRQ� $IWHU D GHWHUPLQHG QXPEHU RI LWHUDWLRQV WKH
QRGHV WKDW HQG ZLWK WKH VDPH ODEHO DUH FRQVLGHUHG SDUW RI WKH VDPH FRPPXQLW\�

&RPPXQLW\ IROGLQJ DQG VSHFWUDO RSWLPL]DWLRQ DUH ERWK PRGXODULW\ EDVHG PHWKRGV� 7KH\
ZRUN ZLWK WKH WDUJHW RI DFKLHYLQJ WKH KLJKHVW SRVVLEOH PRGXODULW\ VFRUH� 0RGXODULW\ LV D PHDVXUH
RI WKH VWUXFWXUH RI D JUDSK� PHDVXULQJ WKH GHQVLW\ RI FRQQHFWLRQV ZLWKLQ D PRGXOH RU FRPPXQLW\�
*UDSKV ZLWK D KLJK PRGXODULW\ VFRUH ZLOO KDYH PDQ\ FRQQHFWLRQV ZLWKLQ D FRPPXQLW\ EXW RQO\
IHZ SRLQWLQJ RXWZDUGV WR RWKHU FRPPXQLWLHV�

&RPPXQLW\ IROGLQJ PHUJHV QRGHV LQWR FRPPXQLWLHV DW HDFK LWHUDWLRQ WDNLQJ LQWR DFFRXQW
ZKLFK PHUJH ZLOO SURYLGH WKH KLJKHVW PRGXODULW\ LQFUHDVH SRVVLEOH� 6SHFWUDO RSWLPL]DWLRQ XVHV
WKH VKRUWHVW�SDWK EHWZHHQQHVV VFRUH RI DOO WKH HGJHV LQ WKH QHWZRUN WR UHPRYH WKH HGJH ZLWK WKH
KLJKHVW VFRUH� UHFDOFXODWLQJ WKH VFRUHV DIWHU UHPRYDO� %RWK PHWKRGV UHSHDW WKHVH SURFHVVHV RYHU
D GHWHUPLQHG QXPEHU RI LWHUDWLRQV XQWLO WKH\ VWRS DQG WKH UHVXOWLQJ FRPPXQLWLHV DUH GHWHUPLQHG�

7KH WKUHH PHWKRGV ZHUH WHVWHG ZLWK WKH G\QDPLF QHWZRUN DQG FRPSDUHG DJDLQVW HDFK RWKHU
UHJDUGLQJ QXPEHU RI FRPPXQLWLHV IRXQG� H[HFXWLRQ WLPH DQG VLPLODULW\ RI UHVXOWLQJ FRPPXQL�
WLHV� 7R H[HFXWH HDFK PHWKRG ZH XVHG LPSOHPHQWDWLRQV DYDLODEOH LQ 1HR�- *UDSK 'DWD 6FLHQFH
OLEUDU\�

��



������ *UDSKV

7R VWDUW ZH FUHDWHG 1HR�- JUDSKV ZLWK RXU QHWZRUN XVLQJ WKH IROORZLQJ &\SKHU FRPPDQG�

*�GG ;/bX;`�T?X+`2�i2U
^K�i+?@;`�T?^-
^lb2`^-
&

J�h*>, &
Q`B2Mi�iBQM, ^lL.A_1*h1.^

'
'-
&

MQ/2S`QT2`iB2b, ^T`2pBQmbn+QKKmMBiv^-
`2H�iBQMb?BTS`QT2`iB2b, ^r2B;?i^

'
V

7KH FRPPDQG ZRXOG YDU\ GHSHQGLQJ RQ ZKDW UHODWLRQ ZH ZDQWHG WR XVH� PDWFK� IULHQGVKLS
RU ERWK� ,I ZH ZDQWHG WR XVH ERWK� ZH DSSOLHG WKH IROORZLQJ IRUPXOD WR ZHLJKW� ZKHUH f VWDQGV
IRU IULHQGVKLS UHODWLRQ� w VWDQGV IRU UHODWLRQ ZHLJKW DQGm VWDQGV IRU QXPEHU RI PDWFKHV�

(∃f∃m⇒w = m ∗ 2)∧(!f∃m⇒w = m)∧(∃f!m⇒w = 1)

7KHVH JUDSKV ZRXOG JXDUDQWHH WKDW DOO QRGHV KDG D VHHG SURSHUW\ WKDW ZRXOG WHOO ZKLFK ZDV
WKH SUHYLRXV FRPPXQLW\ GHWHFWHG IRU D SOD\HU� 7KLV SURSHUW\ ZLOO EH XVHG LQ DQRWKHU VHFWLRQ WR
GHVFULEH KRZ ZH WUDFNHG FRPPXQLW\ HYHQWV�

������ ([HFXWLRQ

$IWHU WKH JUDSK ZDV FUHDWHG ZH XVHG WKH IROORZLQJ FRPPDQG WR UXQ WKH PHWKRGV�

*�GG ;/bXIK2i?Q/=Xr`Bi2U
^;`�T?^-
&

r`Bi2S`QT2`iv, ^+QKKmMBiv^
'

V
uA1G. +QKKmMBiv*QmMi- KQ/mH�`Biv

��



7KLV FRPPDQG ZRXOG ZULWH WKH UHVXOWLQJ FRPPXQLW\ RI HDFK SOD\HU DV D SURSHUW\ RI WKH
QRGH LQ 1HR�-� 7KH FRPPDQG ZRXOG DOVR RXWSXW WKH QXPEHU RI FRPPXQLWLHV� PRGXODULW\ DQG
H[HFXWLRQ WLPH�

������ -DFFDUG 6LPLODULW\

7R XQGHUVWDQG LI PHWKRGV ZHUH DFKLHYLQJ VLPLODU UHVXOWV ZH FRPSDUHG UHVXOWLQJ FRPPXQLWLHV
XVLQJ -DFFDUG VLPLODULW\ VFRUH� 7KLV VFRUH LV GHILQHG DV WKH VL]H RI WKH LQWHUVHFWLRQ GLYLGHG E\
WKH VL]H RI WKH XQLRQ RI WZR VHWV� 7KH WZR VHWV XVHG ZHUH WKH XVHU ,'V RI WKH VDPH FRPPXQLW\
UHVXOWLQJ IURP GLIIHUHQW PHWKRGV� 7R DFKLHYH WKLV ZH H[HFXWHG IROORZLQJ &\SKHU FRPPDQG SHU
UHVXOWLQJ FRPPXQLW\�

_1hl_L ;/bX�HT?�XbBKBH�`BivXD�++�`/U(R-k-j)- (R-k-9-8)V �a bBKBH�`Biv

$IWHU WKH WKH VLPLODULW\ VFRUHV ZHUH REWDLQHG IRU DOO FRPPXQLWLHV ZH ZRXOG FDOFXODWHG WKH
DYHUDJH DQG XVH WKDW DV D VLPLODULW\ VFRUH EHWZHHQ PHWKRGV�

���� &RPPXQLW\ /LIH�F\FOH $QDO\VLV

$V SUHYLRXVO\ PHQWLRQHG LQ DQRWKHU FKDSWHU� LW¶V GLIILFXOW WR WUDFN FKDQJHV WKDW FRPPXQLWLHV
XQGHUJR RYHU WLPH� )RU WKLV WKHVLV� ZH GHILQHG WKH JRDO RI REVHUYLQJ WZR OLIH�F\FOH HYHQWV WKDW
FRXOG FODVVLI\ FRPPXQLWLHV DV JURZLQJ RU FRQWUDFWLQJ� 7KHVH HYHQWV ZHUH�

• *URZWK� QHZ QRGHV LQFUHDVH WKH VL]H RI D FRPPXQLW\�
• &RQWUDFWLRQ� VRPH QRGHV DUH UHMHFWHG E\ D FRPPXQLW\ WKXV UHGXFLQJ LWV VL]H�

&RPPXQLWLHV FODVVLILHG DV JURZLQJ ZRXOG EH WKH RQHV ZLWKVWDQGLQJ WKH HYHQW RI JURZWK� DQG
RQ WKH RSSRVLWH� FRPPXQLWLHV ZLWK WKH FRQWUDFWLRQ HYHQW ZRXOG EH FODVVLILHG DV FRQWUDFWLQJ�

7R XQGHUVWDQG ZKLFK HYHQWV FRPPXQLWLHV ZHUH H[SHULHQFLQJ ZH XVHG D VQDSVKRW EDVHG FRP�
SDULVRQ� :H GLG WKLV ZLWK DQ LWHUDWLYH SURFHVV DV VKRZQ LQ ILJXUH ���

��



)LJXUH ��� /LIH F\FOH DQDO\VLV SURFHVV� � � *HQHUDWH JUDSK� � � &RPPXQLW\ GLV�
FRYHU\ SURFHVV� � � *HQHUDWH JUDSK �� GD\V DIWHU� � � &RS\ UHVXOWLQJ FRPPXQLWLHV
IURP SUHYLRXV LWHUDWLRQ� � � &RPPXQLW\ GLVFRYHU\ ZLWK VHHG SURSHUW\ �SUHYL�
RXVBFRPPXQLW\�

7R VWDUW ZH JHQHUDWHG D JUDSK IURP VQDSVKRW dZKHUH d UHSUHVHQWV DQ LQVWDQW LQ WLPH� :H WKHQ
SHUIRUPHG FRPPXQLW\ GLVFRYHU\ DQG LGHQWLILHG HDFK QRGH FRPPXQLW\� $IWHUZDUGV ZH JHQHUDWHG
D QHZ JUDSK IURP WKH QH[W VQDSVKRW d+15 ��� GD\V DIWHU� DQG FRSLHG WKH UHVXOWLQJ FRPPXQLWLHV
IURP WKH SUHYLRXV LWHUDWLRQ LQWR WKH SURSHUW\ ´SUHYLRXVBFRPPXQLW\´ RQ WKLV QHZ JUDSK� )LQDOO\
ZH SHUIRUPHG FRPPXQLW\ GLVFRYHU\ RQ WKLV QHZ JUDSK ZLWK WKH SURSHUW\ ´SUHYLRXVBFRPPXQLW\´
DV VHHG SURSHUW\� 7KH &\SKHU FRPPDQG XVHG IRU FRPPXQLW\ GLVFRYHU\ ZLWK VHHG SURSHUW\ LV WKH
IROORZLQJ�

*�GG ;/bXIK2i?Q/=Xr`Bi2U
^;`�T?^-
&

b22/S`QT2`iv, ^T`2pBQmbn+QKKmMBiv^-
r`Bi2S`QT2`iv, ^+QKKmMBiv^

'
V
uA1G. +QKKmMBiv*QmMi- KQ/mH�`Biv

7KLV OLIH F\FOH DQDO\VLV SURFHVV ZDV LWHUDWLYH DQG UHSHDWHG WKURXJK DOO VQDSVKRWV� :LWK WKH
UHVXOWV ZH FRXOG FRPSDUH FRPPXQLWLHV VL]H DFURVV WLPH DQG XQGHUVWDQG WKH HYHQWV WKDW WKH\ ZHQW
WKURXJK� FODVVLI\LQJ WKHP DV JURZLQJ RU FRQWUDFWLQJ�

��



���� 5HVHDUFK +\SRWKHVHV

&RQWULEXWLQJ SRVLWLYHO\ WR VRFLDO HQJDJHPHQW LQ D PRELOH JDPH LQ D QRQ�LQWUXVLYH ZD\ LV D VWLII
FKDOOHQJH� 6HYHUDO IDFWRUV FDQ LPSDFW SOD\HUV HQJDJHPHQW� DQG LW LV QRW HDV\ WR SURYH D FDXVH�
HIIHFW UHODWLRQ� $ ZLGHVSUHDG DSSURDFK ZKHQ UHOHDVLQJ D QHZ JDPH IHDWXUH LV WR GR $% WHVWLQJ
>��@� 8QIRUWXQDWHO\ $% WHVWLQJ LQYROYHG WLPH FRQVWUDLQWV WKDW RXU VFKHGXOH FRXOG QRW PHHW� $V
VXFK� ZH RSWHG IRU D SUHGLFWLYH DQDO\VLV DSSURDFK WKDW FRXOG SURYH RXU K\SRWKHVHV DQG� LI YDOLG�
DQ\ JDPH FRXOG TXLFNO\ LPSOHPHQW DV D IXOO�IOHGJHG IHDWXUH�

������ )ULHQGVKLS 5HFRPPHQGDWLRQ

)ULHQG UHFRPPHQGDWLRQ HQJLQHV XVXDOO\ UHFRPPHQGHG EDVHG RQ XVHUV VLPLODU OLIHVW\OHV� KDELWV�
LQWHUHVWV RU EHKDYLRXUV� 6LQFH SOD\HUV RQ WKH VDPH JDPH DOUHDG\ VKDUH D VLPLODU LQWHUHVW RU
EHKDYLRXU� ZH WKRXJKW WKDW XVLQJ WKH FRPPXQLW\ GLVFRYHU\ NQRZOHGJH LQ WKDW FRQWH[W FRXOG
SURYLGH D GLIIHUHQW SHUVSHFWLYH IRU WKLV SUREOHP�

7DNLQJ LQWR FRQVLGHUDWLRQ WKDW RXU QHWZRUN LV QRZ FRPSRVHG RI FRPPXQLWLHV RI SOD\HUV
WKDW DUH IULHQGV DQG�RU SOD\ PDWFKHV WRJHWKHU� WKLV WKHVLV SURSRVHV IULHQGVKLS UHFRPPHQGDWLRQV
DPRQJ SOD\HUV WKDW EHORQJ WR WKH VDPH FRPPXQLW\ EXW DUH QRW IULHQGV DOUHDG\ DV VKRZQ LQ ILJXUH
���

)LJXUH ��� )ULHQGVKLS UHFRPPHQGDWLRQ H[DPSOH

7KLV K\SRWKHVHV WDNHV LQVSLUDWLRQ IURP SDVW DSSOLFDWLRQV RI IULHQG UHFRPPHQGDWLRQ LQ VRFLDO
JUDSKV >��@ >��@ DQG XVHV FRPPXQLW\ NQRZOHGJH DQG JDPH�VSHFLILF GDWD WR LPSURYH RQ WKDW�

��



&+$37(5 �

5HVXOWV

7KLV FKDSWHU SUHVHQWV WKH UHVXOWV REWDLQHG ZLWK RXU PHWKRGRORJ\� 7KH ILUVW VHFWLRQ ZLOO FRYHU
KRZ UHDO PRELOH JDPH GDWD ZDV FROOHFWHG LQ FROODERUDWLRQ ZLWK D PRELOH JDPLQJ FRPSDQ\ DQG
ZKDW VDPSOHV ZHUH VHOHFWHG DQG XVHG� 6HFRQGO\ ZH ZLOO SUHVHQW WKH UHVXOWV REWDLQHG ZLWK WKH
WHVW RI WKH GLIIHUHQW PHWKRGRORJLHV� $IWHUZDUGV ZH ZLOO SUHVHQW WKH UHVXOWV RI FRPPXQLW\ OLIH
F\FOH DQDO\VLV XVLQJ WKH PHWKRGRORJ\ WKDW SUHVHQWHG WKH PRVW SURPLVLQJ UHVXOWV� /DVWO\ ZH ZLOO
SUHVHQW WKH WHVWLQJ UHVXOWV RI RXU K\SRWKHVHV RI IULHQGVKLS UHFRPPHQGDWLRQ�

$FURVV WKH FKDSWHU ZH¶OO SUHVHQW VWDWLVWLFV PHDVXUHPHQWV VXFK DV FRPPXQLW\ VL]H� QXPEHU RI
UHODWLRQV RU QXPEHU RI QRGHV� 7KHVH PHDVXUHPHQWV ZHUH REWDLQHG XVLQJ VLPSOH TXHU\LQJ &\SKHU
VWDWHPHQWV�

���� 'DWD &ROOHFWHG

7KH GDWD XVHG IRU WKLV WKHVLV ZDV FROOHFWHG IURP D OLYH PRELOH JDPH GXULQJ �� GD\V ZLWK DQ DY�
HUDJH RI� DSSUR[LPDWHO\� ��0 GDLO\ DFWLYH XVHUV �'$8�� $OO SOD\HUV GDWD ZDV FROOHFWHG DQRQ\�
PRXVO\ DQG ZLOO QRW EH DYDLODEOH LQ DQ DSSHQGL[ RU WKURXJK D UHSRVLWRU\�

:H VDPSOHG GDWD EDVHG RQ GLIIHUHQW FRXQWULHV� UHVXOWLQJ RQ WKUHH GDWDVHWV WKDW FRXOG UHSUH�
VHQW GLIIHUHQW VL]H RI SRSXODWLRQV LQ WKH JDPH� 7KH FRXQWULHV FKRVHQ ZHUH )UDQFH� 1LJHULD DQG
3RUWXJDO� ZLWK WKH FKDUDFWHULVWLFV SUHVHQWHG LQ WDEOH �� ,Q WKH WDEOH� ZH FDQ VHH WKH QXPEHU RI
SOD\HUV WKDW HDFK FRXQWU\ KDV� WRJHWKHU ZLWK WKH QXPEHU RI PDWFK DQG IULHQG UHODWLRQV�

&RXQWU\ 3OD\HUV 0DWFKHV )ULHQGV
)UDQFH ������ ������� ������
1LJHULD ����� ������ ������
3RUWXJDO ������ ������ ������

7DEOH �� &RXQWULHV VWDWLVWLFV DW d

,Q WKLV JDPH� )UDQFH LV WKH RQH RI WKH ELJJHVW FRXQWULHV ������� SOD\HUV�� 1LJHULD LV RQH RI
WKH VPDOOHVW ������ SOD\HUV� DQG 3RUWXJDO LV WKH DYHUDJHG VL]HG FRXQWU\ ������� SOD\HUV�� (YHQ
ZLWK WKH KLJKHVW SOD\HU FRXQW� )UDQFH SUHVHQWV WKH ORZHU UDWLR RI UHODWLRQV �PDWFKHV DQG IULHQGV�
SHU SOD\HU ZLWK D YDOXH RI ���� LQ FRPSDULVRQ WR 3RUWXJDO ���� DQG 1LJHULD �����

���� &RPPXQLW\ 'LVFRYHU\

2XU IRFXV IRU WKLV WKHVLV ZDV WR EH DEOH WR GHWHFW FRPPXQLWLHV LQ ODUJH QHWZRUNV� +RZHYHU� GXH
WR WKH DPELJXLW\ LQ WKH GHILQLWLRQ RI D FRPPXQLW\� H[WUDFWLQJ FRPPXQLWLHV DQG HYDOXDWLQJ WKHLU
TXDOLW\ KDV SURYHQ WR EH YHU\ GLIILFXOW� ,Q RUGHU WR ILQG RXW ZKLFK PHWKRG ZDV WKH PRVW DGHTXDWH
IRU RXU XVH�FDVH� ZH WHVWHG WKH WKUHH PHWKRGV DJDLQVW RXU WKUHH GDWDVHWV DV SUHVHQWHG LQ WDEOH �
DQG WDEOH �� 7KH WHVW ZDV RQ D � &38 DQG ��*% PHPRU\ FRPSXWHU KRVWLQJ RQO\ 1HR�-�

��



0HWKRG &RPPXQLWLHV
)UDQFH 1LJHULD 3RUWXJDO

/DEHO SURSDJDWLRQ ����� ����� �����
&RPPXQLW\ IROGLQJ ����� ����� �����
6SHFWUDO RSWLPL]DWLRQ ����� ����� �����

7DEOH �� 1XPEHU RI FRPPXQLWLHV IRXQG SHU PHWKRGRORJ\

0HWKRG ([HFXWLRQ 7LPH
)UDQFH 1LJHULD 3RUWXJDO

/DEHO SURSDJDWLRQ � PLQ �� VHFV � PLQ �� VHFV � PLQ �� VHFV
&RPPXQLW\ IROGLQJ � PLQ �� VHFV � PLQ �� VHFV � PLQ �� VHFV
6SHFWUDO RSWLPL]DWLRQ � PLQ �� VHFV � PLQ �� VHFV � PLQ �� VHFV

7DEOH �� ([HFXWLRQ WLPH SHU PHWKRGRORJ\

7KH QXPEHU RI FRPPXQLWLHV IRXQG E\ WKH WKUHH PHWKRGV ZDV VLPLODU EXW WKH H[HFXWLRQ WLPH
ZDV QRW� ,Q IDFW ODEHO SURSDJDWLRQ KDV SURYHQ WR EH WKH VORZHVW DQG LW VFDOHG DOPRVW OLQHDUO\ DV
QRGH DQG UHODWLRQ VL]H LQFUHDVHG� &RPPXQLW\ IROGLQJ ZDV WKH IDVWHVW DQG LW VFDOHG ZHOO WDNLQJ
MXVW � PLQXWHV DQG �� VHFRQGV WR SURFHVV )UDQFH GDWDVHW�

:H FRPSDUHG WKH UHVXOWLQJ FRPPXQLWLHV IRU WKH 3RUWXJDO GDWDVHW XVLQJ -DFFDUG LQGH[ DV
VKRZQ LQ WDEOH � DQG WKH UHVXOWV ZHUH YHU\ VLPLODU� VSHFLDOO\ &RPPXQLW\ IROGLQJ DQG 6SHFWUDO
RSWLPL]DWLRQ�

0HWKRG � 0HWKRG � -DFFDUG 6LPLODULW\
/DEHO SURSDJDWLRQ &RPPXQLW\ IROGLQJ ����
/DEHO 3URSDJDWLRQ 6SHFWUDO RSWLPL]DWLRQ ����
&RPPXQLW\ IROGLQJ 6SHFWUDO RSWLPL]DWLRQ ����
7DEOH �� 6LPLODULW\ EHWZHHQ UHVXOWLQJ FRPPXQLWLHV LQ 3RUWXJDO

%DVHG RQ WKH VFDOLQJ FDSDFLW\ WR PLOOLRQV RI YHUWLFHV DQG HGJHV >��@ RI &RPPXQLW\ IROGLQJ
DQG 6SHFWUDO RSWLPL]DWLRQ� ZH H[FOXGHG /DEHO SURSDJDWLRQ� IURP IXUWKHU WHVWLQJ� VLQFH ZHZDQWHG
WR PDNH VXUH WKDW WKLV PHWKRGRORJ\ FRXOG EH SURSDJDWHG WR PRUH VLJQLILFDQW JDPHV� 'XH WR
RXU LPSOHPHQWDWLRQ RI &RPPXQLW\ IROGLQJ KDYLQJ VRPH RSWLPLVDWLRQV >��@ WKH H[HFXWLRQ WLPH
ZDV ORZHU WKDQ 6SHFWUDO RSWLPL]DWLRQ� VR ZH FKRVH &RPPXQLW\ IROGLQJ DV WKH PRVW DGHTXDWH WR
SXUVXH WKH WHVWV� $OO RI WKH PHWKRGV SUHVHQWHG LQ WDEOH � KDYH SURYHQ WR EH UHOLDEOH RSWLRQV IRU
WKLV PHWKRGRORJ\ DQG DUH VXJJHVWHG DV SRVVLEOH IXWXUH ZRUN�

���� &RPPXQLW\ /LIH�F\FOH

8VLQJ WKH &RPPXQLW\ IROGLQJ PHWKRGRORJ\ ZH SXUVXHG RXU DQDO\VLV RI WKH FRPPXQLWLHV OLIH
F\FOHV DFURVV WKH GLIIHUHQW GDWDVHWV� 7R VWDUW RII ZH HYDOXDWHG WKH GLVWULEXWLRQ RI FRPPXQLW\ VL]HV
DFURVV WKH WKUHH FRXQWULHV RQ WKH VQDSVKRW d0 DV VKRZQ LQ WDEOH ��

,Q WDEOH � ZH FDQ REVHUYH WKDW DOPRVW KDOI RI WKH FRPPXQLWLHV SUHVHQW LQ RXU GDWDVHWV ZHUH
FRPSRVHG RI RQH RU WZR SOD\HUV� 7KH FRXQWU\ ZLWK KLJKHU QXPEHUV RI ORZ VL]H FRPPXQLWLHV

��



6L]H &RPPXQLWLHV
)UDQFH 1LJHULD 3RUWXJDO

� ����� ���� ����
� ���� ���� ����
��� ���� ���� ����
���� ���� ���� ����
����� ���� ��� ���
������ ��� �� ���
�������� ��� � ��
����� �� � �

7DEOH �� &RPPXQLWLHV VL]H GLVWULEXWLRQ DW d

LV 1LJHULD� 7KHVH VPDOO FRPPXQLWLHV DUH PRUH H[SRVHG WR GHDWK HYHQWV VLQFH PRELOH UHWHQWLRQ
UDWHV DUH ORZ DIWHU �� DQG �� GD\V�

:H FRQGXFWHG RXU OLIH�F\FOH FODVVLILFDWLRQ RQ WKH WKUHH FRXQWULHV DFURVV DOO WLPH VSHFWUXP
DFKLHYLQJ WKH UHVXOWV SUHVHQWHG LQ WDEOH �� :H H[FOXGHG d− 30 VLQFH LW VHUYHG DV WKH EDVLV RI RXU
LWHUDWLRQ SURFHVV SUHYLRXVO\ GHVFULEHG LQ RWKHU FKDSWHU�

&RXQWU\ &RPPXQLWLHV
G��� G G��� G���

* & * & * & * &
)UDQFH ���� ���� ���� ���� ���� ���� ���� ����
1LJHULD ���� ���� ���� ���� ���� ���� ���� ����
3RUWXJDO ���� ���� ���� ���� ���� ���� ���� ����

7DEOH �� &RPPXQLWLHV FODVVLILFDWLRQ DV JURZLQJ �*� RU FRQWUDFWLQJ �&� RYHU �� GD\V

,Q LQ WDEOH � ZH FDQ REVHUYH WKDW 3RUWXJDO DQG 1LJHULD H[SHULHQFHG DQ DYHUDJH JURZLQJ
FODVVLILFDWLRQ RI ��� DQG )UDQFH DURXQG ���� 5HJDUGLQJ FRQWUDFWLRQ� )UDQFH ZDV WKH FRXQWU\
ZLWK WKH KLJKHVW DYHUDJH ����� ZKLOH 3RUWXJDO ZDV WKH ORZHVW ������ 'XULQJ RXU DQDO\VLV ZH
DOVR REVHUYHG WKDW WKH QXPEHU RI FRPPXQLWLHV ZDV VWDEOH DFURVV RXU ZKROH DQDO\VLV DV VKRZQ LQ
WDEOH ���

&RXQWU\ &RPPXQLWLHV
G��� G��� G G��� G���

)UDQFH ����� ����� ����� ����� �����
1LJHULD ����� ����� ����� ����� �����
3RUWXJDO ����� ����� ����� ����� �����

7DEOH ��� &RPPXQLWLHV VL]H RYHU �� GD\V

���� )ULHQGVKLS 5HFRPPHQGDWLRQ

3UHFLVLRQ DQG UHFDOO DUH WKH PRVW SRSXODU FULWHULD XVHG WR HYDOXDWH D UHFRPPHQGDWLRQ HQJLQH�
,Q WKLV VHFWLRQ� ZH SHUIRUPHG VHYHUDO RIIOLQH H[SHULPHQWV VLQFH ZH FRXOG QRW XVH WKH UHFRPPHQ�
GDWLRQV LQ D OLYH JDPH� 7R YDOLGDWH ZKDW ZDV WKH DFFHSWDQFH RI RXU UHFRPPHQGDWLRQV ZH XVHG

��



WKH VQDSVKRW d LQ RXU GDWD WR PDNH UHFRPPHQGDWLRQV DQG DIWHU WKDW� ZH FRPSDUHG VQDSVKRWV d15
DQG d30 WR REVHUYH ZKDW UHFRPPHQGDWLRQV ZHUH ULJKW RU ZURQJ�

:H VWDUWHG E\ ORRNLQJ DW WKH LPSDFW WKDW HDFK UHODWLRQ KDG LQ WKH SHUIRUPDQFH RI WKH UHFRP�
PHQGDWLRQ� /DVWO\ ZH FRPSDUHG UHVXOWV E\ ORRNLQJ DW WKH SHUIRUPDQFH E\ FRPPXQLW\ VL]HV DQG
E\ FRPPXQLWLHV FODVVLILHG DV JURZLQJ RU FRQWUDFWLQJ�

������ 5HODWLRQV

,Q WKLV VXEVHFWLRQ ZH¶OO VWDUW E\ HYDOXDWLQJ WKH SHUIRUPDQFH RI WKH IULHQGVKLS UHODWLRQ E\
LWVHOI� PHDQLQJ WKDW WKH JUDSK XVHG IRU WKLV WHVW RQO\ KDG IULHQGVKLS W\SH UHODWLRQV� 6HFRQGO\
ZH¶OO UHSHDW WKH VDPH WHVW MXVW IRU WKH PDWFK W\SH UHODWLRQV� /DVWO\ ZH¶OO FRPELQH ERWK UHODWLRQV
MXVW OLNH LQ SUHYLRXV VHFWLRQV XVLQJ WKH IRUPXOD PHQWLRQHG LQ VHFWLRQ ������ 3UHFLVLRQ DQG UHFDOO
UHVXOWV SUHVHQWHG LQ WKLV VXEVHFWLRQ DUH FXPXODWLYH� PHDQLQJ WKDW LI D VXFFHVVIXOO\ SUHGLFWHG
IULHQGVKLS ZDV REVHUYHG DW d+ 15 DQG QRW DW d+ 30 ZH VWLOO FRQVLGHUHG LW DV WUXH SRVLWLYH�

�������� )ULHQG UHODWLRQ

7KH IULHQG UHODWLRQ SUHVHQWHG YHU\ FRQFOXVLYH UHVXOWV� 7KLV PHWKRGRORJ\ VWUXJJOHV WR DFKLHYH
GHFHQW UHFDOO YDOXHV ZKHQ WKH DYHUDJH FRPPXQLWLHV VL]H LV VPDOO� ,Q WDEOH ��� ZH FDQ REVHUYH
WKDW WKH QXPEHU RI IULHQGV LQ WKH KLJKHVW SRSXODWLRQ FRXQWU\ LV ORZHU WKDQ WKH RWKHUV� 7KH QXPEHU
RI IULHQG UHODWLRQV LQ )UDQFH LV VR ORZ WKDW WKH DYHUDJH QXPEHU RI IULHQGV SHU SOD\HU LV EHWZHHQ
� DQG � ZKLOH WKH RWKHU FRXQWULHV SUHVHQW DQ DYHUDJH RI �� $V ZH FDQ REVHUYH LQ WDEOH ��� WKLV
UHGXFHG IULHQGV VLWXDWLRQ LQ )UDQFH FRQWULEXWHG SRVLWLYHO\ WR WKH SUHFLVLRQ RI WKH DOJRULWKP EXW
QRW WR WKH UHFDOO� 6LQFH WKH SURSRVHG PHWKRGRORJ\ ZLOO RQO\ VXJJHVW IULHQG UHFRPPHQGDWLRQV WR
SOD\HUV WKDW DUH QRW IULHQGV \HW� D QHWZRUN ZLWK D VPDOOHU DYHUDJH FRPPXQLW\ VL]H ZLOO UHVXOW LQ
D UHGXFHG QXPEHU RI UHFRPPHQGDWLRQV� :LWK D UHGXFHG QXPEHU RI UHFRPPHQGDWLRQV� ZH FDQ
H[SHFW WKH UHFDOO WR GURS LQ DFFRUGDQFH� EXW SUHFLVLRQ ZLOO QRW QHFHVVDULO\ EH DIIHFWHG�

2Q WKLV WHVW� PRGXODULW\ VHHPV WR KHOS )UDQFH LQ DFKLHYLQJ KLJKHU UHVXOWV� EXW LW LV GXELRXV
VLQFH WKH DYHUDJH FRPPXQLW\ VL]H LV ��

,Q JHQHUDO� WKH SUHFLVLRQ RI WKLV IULHQG UHODWLRQ ZDV WZR WR WKUHH WLPHV KLJKHU WKDQ WKH PDWFK�
ZKLFK FOHDUO\ VWDWHV WKDW IULHQGV�RI�IULHQGV PDWWHU WKH PRVW LQ WKLV PHWKRGRORJ\� 7KH GLIIHUHQFH
LQ UHFDOO ZDV QRW H[SUHVVLYH� PRVWO\ GXH WR WKH ORZ QXPEHU RI UHVXOWLQJ UHFRPPHQGDWLRQV�

&RXQWU\ 3OD\HUV )ULHQGV &RPPXQLWLHV 0RGXODULW\ $YJ� 6L]H
)UDQFH ������ ������ ������ ������ �
1LJHULD ����� ������ ����� ������ �
3RUWXJDO ������ ������ ����� ������ �

7DEOH ��� )ULHQG UHODWLRQ VWDWLVWLFV

�������� 0DWFK UHODWLRQ

7KH PDWFK UHODWLRQ ZDV WRXJK WR DQDO\VH� 7KH UHODWLRQ LQ LWVHOI GRHV QRW DFKLHYH JRRG SUHFLVLRQ
UHVXOWV EXW UHFDOO YDOXHV DUH DFFHSWDEOH DV VKRZQ RQ WDEOH ��� 7KH DYHUDJH FRPPXQLW\ VL]H LQ
WKLV UHODWLRQ LV EHWZHHQ � DQG � SOD\HUV GHSHQGLQJ RQ WKH FRXQWU\� DV VKRZQ LQ WDEOH ��� 7KDW
DYHUDJH FRPPXQLW\ VL]H FRQWULEXWHV WR D KLJK QXPEHU RI UHFRPPHQGDWLRQV OHDGLQJ WR FORVHU

��



&RXQWU\ 3UHFLVLRQ �G���� 5HFDOO �G���� 3UHFLVLRQ �G���� 5HFDOO �G����
)UDQFH ������ ������ ������ ������
1LJHULD ������ ������ ������ ������
3RUWXJDO ������ ������ ������ ������

7DEOH ��� )ULHQG UHODWLRQ SUHFLVLRQ DQG UHFDOO

&RXQWU\ 3OD\HUV 0DWFKHV &RPPXQLWLHV 0RGXODULW\ $YJ� 6L]H
)UDQFH ������ ������� ����� ������ �
1LJHULD ����� ������ ����� ������ �
3RUWXJDO ������ ������ ����� ���� �

7DEOH ��� 0DWFK UHODWLRQ VWDWLVWLFV

YDOXHV EHWZHHQ SUHFLVLRQ DQG UHFDOO� :KHQ WKH UHFDOO LV WKH VDPH DV SUHFLVLRQ ZH FDQ FRQFOXGH
WKDW WKH QXPEHU RI UHFRPPHQGDWLRQV LV WKH VDPH DV WKH WUXH SRVLWLYHV� (YHQ ZLWK ORZHU SUHFLVLRQ
YDOXHV� WKH PDWFK UHODWLRQ UHYHDOHG PXFK EHWWHU UHFDOO WR SUHFLVLRQ UDWLR WKDQ WKH IULHQG UHODWLRQ�

,Q PXOWLSOD\HU JDPLQJ� WKHUH LV DOZD\V VROR SOD\HUV >��@ WKDW WHQG WR KDYH D UHGXFHG QXPEHU
RI IULHQGV� 7KH PDWFK UHODWLRQ SURYHV XVHIXO WR EH DEOH WR FUHDWH UHFRPPHQGDWLRQV IRU SOD\HUV
ZKHUH D IULHQG UHODWLRQ QHWZRUN ZRXOG QRW UHVXOW�

&RXQWU\ 3UHFLVLRQ �G���� 5HFDOO �G���� 3UHFLVLRQ �G���� 5HFDOO �G����
)UDQFH ������ ������ ������ ������
1LJHULD ������ ������ ������ ������
3RUWXJDO ������ ������ ������ ������

7DEOH ��� 0DWFK UHODWLRQ SUHFLVLRQ DQG UHFDOO

�������� &RPELQHG UHODWLRQV

7KH FRPELQDWLRQ RI PDWFK DQG IULHQG UHODWLRQV VKRZV SRWHQWLDO IRU WKLV PHWKRGRORJ\� %\ WKHP�
VHOYHV� QRQH RI WKH UHODWLRQV DFKLHYHG D VLPLODU UHVXOW� $V VKRZQ LQ WDEOH ��� WKH DYHUDJH FRP�
PXQLW\ VL]H LQ FRPELQHG UHODWLRQV LV EHWZHHQ � DQG ��� ZKLFK WKH KLJKHVW LQ WKHVH WHVWV� 7KLV
VKRZV WKDW SOD\HUV SOD\ PRUH JDPHV ZLWK IULHQGV RI IULHQGV RU XQNQRZQ SOD\HUV WKDQ ZLWK WKHLU
IULHQGV�

0RGXODULW\ DOVR SOD\V DQ LPSRUWDQW UROH� WKURXJKRXW WKH WHVW� ZH KDYH VHHQ D GLUHFW UHODWLRQ
LQ PRGXODULW\ YHUVXV SUHFLVLRQ LQ �� GD\V� DV VKRZQ LQ WDEOH �� DQG WDEOH ���

&RXQWU\ 3OD\HUV 0DWFKHV )ULHQGV &RPPXQLWLHV 0RGXODULW\ $YJ� 6L]H
)UDQFH ������ ������� ������ ����� ������ �
1LJHULD ����� ������ ������ ����� ������ �
3RUWXJDO ������ ������ ������ ����� ������ ��

7DEOH ��� &RPELQHG UHODWLRQV VWDWLVWLFV

��



&RXQWU\ 3UHFLVLRQ �G���� 5HFDOO �G���� 3UHFLVLRQ �G���� 5HFDOO �G����
)UDQFH ������ ������ ������ ������
1LJHULD ������ ������ ������ ������
3RUWXJDO ������ ������ ������ ������

7DEOH ��� &RPELQHG UHODWLRQV SUHFLVLRQ DQG UHFDOO

������ &RPPXQLW\ 6L]H

,Q WDEOH �� ZH FDQ REVHUYH WKH GLVWULEXWLRQ RI WKH SUHFLVLRQ DW d + 30 E\ FRPPXQLW\ VL]H�
7KH VL]H ZLWK PRVW SUHFLVLRQ LV ����� IROORZHG E\ ������� 7KH VL]H ZLWK WKH ORZHVW SUHFLVLRQ LV
������

6L]H 3UHFLVLRQ�G����
)UDQFH 1LJHULD 3RUWXJDO

� ������ ������ ������
� ������ ������ ������
��� ������ ������ ������
���� ������ ������ ������
����� ������ ������ ������
������ ������ ������ ������
�������� ������ ������ ������
����� ������ ������ ������

7DEOH ��� 3UHFLVLRQ GLVWULEXWLRQ RYHU FRPPXQLWLHV VL]H DW d+ 30

������ /LIH &\FOH

7KLV VXEVHFWLRQ SUHVHQWV WKH UHVXOWV RI PHDVXULQJ WKH SUHFLVLRQ RI WKH UHFRPPHQGDWLRQV FRQ�
VLGHULQJ MXVW WKH JURZLQJ DQG FRQWUDFWLQJ FRPPXQLWLHV� 3UHFLVLRQ UHVXOWV SUHVHQWHG LQ WKLV VXE�
VHFWLRQ DUH FXPXODWLYH� PHDQLQJ WKDW LI D VXFFHVVIXOO\ SUHGLFWHG IULHQGVKLS ZDV REVHUYHG DW d+15

DQG QRW DW d + 30 ZH VWLOO FRQVLGHUHG LW DV WUXH SRVLWLYH� ,Q WDEOH �� ZH FDQ REVHUYH WKDW FRQ�
WUDFWLQJ FRPPXQLWLHV KDYH PXFK ORZHU SUHFLVLRQ YDOXHV WKDQ JURZLQJ FRPPXQLWLHV DFURVV DOO
FRXQWULHV� 3RUWXJDO ZDV WKH FRXQWU\ ZLWK WKH KLJKHVW SUHFLVLRQ DW d+15 LQ JURZLQJ FRPPXQLWLHV
ZLWK ������� $OO FRXQWULHV KDG DQ DYHUDJH LQFUHDVH RI �� IURP d + 15 WR d + 30 LQ JURZLQJ
FRPPXQLWLHV ZLWK 3RUWXJDO DFKLHYLQJ ������ DW d + 30� &RQWUDFWLQJ FRPPXQLWLHV KDG DQ DY�
HUDJH RI �� SUHFLVLRQ UHVXOWV RQ d+ 15 DQG �� RQ d+ 30� 7KH ORZHVW UHVXOW ZDV 1LJHULD ZLWK
RQO\ ����� DW d+ 30�

&RXQWU\ 3UHFLVLRQ
G��� G���

* & * &
)UDQFH ������ ������ ������ ������
1LJHULD ������ ������ ������ ������
3RUWXJDO ������ ������ ������ ������

7DEOH ��� 3UHFLVLRQ DW d+ 15 DQG d+ 30 IRU JURZLQJ �*� RU FRQWUDFWLQJ �&� FRPPXQLWLHV

��



&+$37(5 �

&RQFOXVLRQV DQG IXWXUH UHVHDUFK

$V PHQWLRQHG LQ WKH LQWURGXFWRU\ FKDSWHU RI WKLV WKHVLV� VRFLDO LQWHUDFWLRQ SOD\V D YLWDO UROH LQ
WKH GHYHORSPHQW RI PRELOH JDPHV� %DFNHG E\ VFLHQWLILFDOO\ YDOLGDWHG FRPPXQLW\ GLVFRYHU\
PHWKRGRORJLHV� LW LV SRVVLEOH WR PDNH D FRQFUHWH FRQWULEXWLRQ�

6R KRZ FDQZH GHYHORS DPHWKRGRORJ\ WKDW LV HDVLO\ UHSURGXFLEOH DFURVV RWKHUPRELOH JDPHV"
$Q HDVLO\ UHSURGXFLEOH PHWKRGRORJ\ PXVW XVH FRPPRQ PRELOH JDPLQJ LQWHUDFWLRQV DQG DFD�
GHPLF YDOLG PHWKRGV� )ULHQGVKLSV DQG PDWFKHV DUH FRPPRQ LQ PRVW PRELOH JDPHV MXVW OLNH
PRGXODULW\ RSWLPLVDWLRQ PHWKRGV DUH LQ FRPPXQLW\ GLVFRYHU\ OLWHUDWXUH� :H DOVR VXJJHVW LQ WKH
IXWXUH ZRUN VHFWLRQ RWKHU LQWHUDFWLRQV ZLGHO\ SUHVHQW LQ WKH LQGXVWU\�

7R HYDOXDWH SHUIRUPDQFH DQG TXDOLW\ LQ UHDO XVH FDVHV� ZLWKRXW XVHU IHHGEDFN� ZH FRQFOXGHG
WKDW SUHGLFWLYH DQDO\VLV LV D YLDEOH VROXWLRQ� 7KH UHVXOWV SUHVHQWHG LQ WKLV WKHVLV FOHDUO\ VKRZ WKDW
ZH FDQ XVH G\QDPLF QHWZRUNV DQG FRPPXQLW\ NQRZOHGJH WR EHWWHU XQGHUVWDQG SOD\HUV DQG WKHLU
VRFLDO DWWULEXWHV�

7R GHDO ZLWK WHPSRUDO GDWD ZH FRQFOXGHG WKDW VQDSVKRWV SURYLGH D JRRG EDVLV IRU DQDO\VLV�
:LWK VQDSVKRWV� ZH FRXOG REVHUYH JURZWK DQG FRQWUDFWLRQ HYHQWV LQ WKH FRPPXQLW\ OLIH�F\FOH
DQDO\VLV DQG PHDVXUH WKH SHUIRUPDQFH HYROXWLRQ RI RXU IULHQGVKLS SUHGLFWLRQ�

6PDOO FRPPXQLWLHV ���� SOD\HUV� ZHUH SUHGRPLQDQW LQ RXU PRELOH JDPH UHSUHVHQWLQJ DQ
DYHUDJH RI ����� RI WKH WRWDO FRPPXQLWLHV� (YHQ ZLWK WKDW� VROR SOD\HUV VWLOO UHSUHVHQWHG D JUHDW
SDUW RI WKH SRSXODWLRQ ZLWK DQ DYHUDJH RI ������

&RPPXQLW\ HYROXWLRQ ZDV YHU\ YRODWLOH LQ RXU PRELOH VFHQDULR� *URZWK DQG FRQWUDFWLRQ
HYHQWV RFFXUUHG RQ ����� RI WKH FRPPXQLWLHV RQ DYHUDJH� ZLWK 1LJHULD DFKLHYLQJ ������ &RQ�
WUDFWLRQ HYHQWV UHSUHVHQWHG DOPRVW WZR WLPHV WKH QXPEHU RI JURZWK HYHQWV RQ DOO RXU GDWDVHWV�

)ULHQGVKLSV ZHUH SUHGLFWDEOH ZLWK VRPH SUHFLVLRQ DW d+30 �DYHUDJH RI ������ MXVW E\ XVLQJ
FRPPXQLW\ NQRZOHGJH� :KHQ ZH DSSOLHG WKH SURSRVHG PHWKRGRORJ\ MXVW WR JURZLQJ DQG FRQ�
WUDFWLQJ FRPPXQLWLHV� ZH REVHUYHG WKDW FRQWUDFWLQJ FRPPXQLWLHV ZHUH QRW ZRUWK\ RI SUHGLFWLQJ
ZLWK UHVXOWV DV ORZ DV ����� DW d + 30� 2Q WKH RSSRVLWH� JURZLQJ FRPPXQLWLHV VKRZHG VLJQLI�
LFDQWO\ KLJKHU UHVXOWV� ZLWK WKH 3RUWXJDO GDWDVHW DFKLHYLQJ ������ SUHFLVLRQ DW d + 30� 5HVXOWV
RYHU WLPH ZHUH VLPLODU IURP d+15 WR d+30 ZKLFK VKRZHG WKDW WKH SUHGLFWLRQ ZDV SDUWLFXODUO\
HIIHFWLYH LQ WKH VKRUW WHUP EXW OLPLWHG LQ WKH ORQJ WHUP�

/DVWO\� ZH FRQFOXGHG WKDW WKLV PHWKRGRORJ\ FDQ EH ERRVWHG LQ WKH IXWXUH E\ EULQJLQJ RWKHU
UHODWLRQV WR WKH HTXDWLRQ VLQFH WKH UHVXOWV RI WKH FRPELQDWLRQ RI UHODWLRQV ZHUH KLJKHU WKDQ HDFK
UHODWLRQ E\ LWVHOI�
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���� &RQWULEXWLRQV

7KLV WKHVLV VHUYHV WKH DFDGHPLF FRPPXQLW\ DV D K\SRWKHVHV IRU WKH DSSOLFDWLRQ RI FRPPXQLW\
GLVFRYHU\ PHWKRGRORJLHV LQ PRELOH JDPHV� 7KH FRPSDULVRQ RI GLIIHUHQW PHWKRGRORJLHV ZLWK D
UHDO PRELOH JDPLQJ VFHQDULR LV DOVR UHOHYDQW DQG XVHIXO�

&RPPXQLW\ GHWHFWLRQ PHWKRGRORJLHV NHHS HYROYLQJ DQG KDYH DOUHDG\ SURYHQ WR EH FDSDEOH
RI KDQGOLQJ ODUJH YROXPHV RI GDWD� 7KLV WKHVLV DOVR GHPRQVWUDWHV WKDW WKURXJK D VLPSOH UHF�
RPPHQGDWLRQ V\VWHP ZH FDQ SUHGLFW IULHQGVKLSV XQWLO ��� LQ JURZLQJ FRPPXQLWLHV� ,I WKRVH
UHFRPPHQGDWLRQV ZHUH SUHVHQWHG WR WKH XVHU DQG SRVVLEO\ DGRSWHG WKDW FRXOG KHOS ERRVW FRP�
PXQLWLHV JURZWK� ,Q JDPHV ZLWK �� PLOOLRQ '$8� LQFUHDVHV LQ FRPPXQLW\ VL]H FDQ PHDQ D ORW
RI UHYHQXH DQG EXVLQHVV YDOXH�

���� /LPLWDWLRQV DQG )XWXUH :RUN

$V PHQWLRQHG SUHYLRXVO\� WKLV WKHVLV H[SORUHG KRZ FRPPXQLWLHV EHKDYH LQ WKH PRELOH JDPLQJ
ZRUOG� :LWK WKDW NQRZOHGJH� ZH ZDQWHG WR SURYH WKDW D VXEVWDQWLDO FRQWULEXWLRQ FRXOG EH PDGH�
7KDW IRFXV DQG WLPH FRQVWUDLQWV OLPLWHG GHFLVLRQV DQG OHIW VRPH LQWHUHVWLQJ TXHVWLRQV DQG SDWKV WR
EH H[SORUHG� 7R FRQFOXGH WKLV WKHVLV� VRPH UHFRPPHQGDWLRQV WR WKLV HIIHFW DUH SUHVHQWHG EHORZ�

• 7KH UHVXOWV RI UHODWLRQV E\ WKHPVHOYHV KDYH SURYHQ WR EH ODFNLQJ ZKHQ FRPSDUHG WR WKH
FRPELQDWLRQ RI WKHP� 7KDW UHVXOW KDV OLW RXU LQWHUHVW LQ H[SORULQJ IXUWKHU LQWHUDFWLRQV
DQG WKHLU SRVVLEOH FRPELQDWLRQV�
± *LIWLQJ � *LIW VHQW IURP RQH SOD\HU WR DQRWKHU�
± &KDW � 0HVVDJH VHQW IURP RQH SOD\HU WR DQRWKHU�
± &KDOOHQJH � &KDOOHQJH VHQW IURP RQH SOD\HU WR DQRWKHU�

• 5HODWLRQ ZHLJKW ZDV D ILHOG WKDW ZH OHIW XQH[SORUHG� 7KH IRUPXOD XVHG RQ WKLV WKHVLV ZDV
VLPSOH� LI WKH XVHU KDG SOD\HG PRUH WKDQ RQH PDWFK ZLWK DQRWKHU� WKHQ WKH ZHLJKW ZRXOG
EH WKH QXPEHU RI PDWFKHV EHWZHHQ WKHP� $ OLQHDU UHJUHVVLRQ RU VRPH RSWLPLVDWLRQ
DOJRULWKP ZRXOG EH YHU\ LQWHUHVWLQJ WR H[SORUH LQ RUGHU WR LQFUHDVH WKH PRGHO SUHFLVLRQ
DQG UHFDOO�

• 7KH FRPPXQLW\ GHWHFWLRQ DOJRULWKP XVHG LQ WKLV WKHVLV ZDV /RXYDLQ� 2WKHU RSWLRQV
ZHUH FRQVLGHUHG EXW GLVFDUGHG GXH WR VFDODELOLW\ RU SHUIRUPDQFH� ,W ZRXOG EH LQWHUHVWLQJ
WR VHH LI RWKHU DOJRULWKPV FRXOG DFKLHYH PRUH DFFXUDWH UHVXOWV RU HYHQ EH PRUH VXLWHG
LQ VPDOOHU SRSXODWLRQV�

• 'XH WR WLPH FRQVWUDLQWV� WKLV WKHVLV UHVXOWV ZHUH YDOLGDWHG WKURXJK D FRQILUPDWLRQ DQDO�
\VLV SHUVSHFWLYH� +RZHYHU� LW ZRXOG EH LQWHUHVWLQJ WR GR SURSHU $% WHVWLQJ RI WKH UHF�
RPPHQGDWLRQV DQG PHDVXUH LWV LPSDFW RQ XVHU UHWHQWLRQ DQG HQJDJHPHQW�

• ,Q WKH OLIH F\FOH DQDO\VLV LW ZRXOG EH LQWHUHVWLQJ WR SXUVXH WKH GHWHFWLRQ RI RWKHU OLIH
F\FOH HYHQWV VXFK DV ELUWK RU GHDWK� ,W ZRXOG DOVR EH YHU\ LQWHUHVWLQJ WR H[SORUH DQ
K\SRWKHVHV WKDW FRXOG UHODWH ELUWK RU GHDWK RI FRPPXQLWLHV LQ PRELOH JDPHV�
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