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Abstract 

The European Union’s Emissions Trading Scheme (EU ETS) is the world’s largest carbon 

market operating and an important piece for European environmental policy. Launched in 2005, 

this market-scheme trades allowances and derivatives’ contracts that represent the right to emit a 

certain amount of pollutant gases.  

This work intends to understand the role of carbon markets in general, and the pricing of 

derivatives’ contracts traded in the EU ETS. It was taken as basis the Black-Scholes (1973) 

model and its further extensions by Merton (1973) and Merton (1976), applying then a model 

suggested by Daskalakis, Psychoyios and Markellos (2009) to value a call option written on 

emission allowances. The numerical results suggest that time to maturity and the moneyness 

degree had influence in the options’ price, while the jump intensity did not have an influence in 

the obtained results 

Based on the application of the model, it was then derived, using the put-call parity, the value of a 

put option under the same basic features.  

It was also conducted a sensitivity analysis to the call option, in which it was concluded that, 

under the model specifications, volatility shows a strong influence within the studied call options’ 

value. 
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Resumo 

O Sistema Europeu de Comércio de Emissões (EU ETS) é o maior mercado de emissões em 

funcionamento a nível mundial e uma peça chave em termos de política ambiental na Europa. 

Lançado em 2005, este sistema de mercado é utilizado para a comercialização de direitos e 

produtos derivados sobre a emissão de uma certa quantidade de gases poluentes.  

Este trabalho procura compreender a função dos mercados de carbono em geral e a valorização 

de produtos derivados em comercialização no EU ETS. Para tal tomou-se por base o modelo de 

Black-Scholes (1973) e suas extensões por Merton (1973) e Merton (1976), aplicando-se depois o 

modelo sugerido por Daskalakis, Psychoyios e Markellos (2009) de modo a valorizar uma opção 

call sobre direitos de emissões. Os resultados alcançados sugerem que o tempo até à maturidade e 

o nível do preço de exercício contribuíram para a alteração no valor da opção, ao passo que a 

intensidade do “salto” não teve influência nos resultados alcançados.  

Com base na aplicação deste modelo, foi igualmente obtido o valor de uma opção put com as 

mesmas características, através da paridade put-call. 

Foi ainda feita uma análise de sensibilidade à opção call, na qual se concluiu que, de acordo com 

as especificações do modelo, a volatilidade tem uma forte influência no valor das opções call 

estudadas.   

 

 

Palavras-chave: Black-Scholes-Merton, Derivados Financeiros, Mercados de Carbono, EU ETS 
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Commonly used notation 

BSM – Black-Scholes-Merton 

CDM – Clean development mechanism 

CER – Certified emission reductions 

CO2 – Carbon dioxide 

EU ETS – European Union Emissions Trading System 

EUA – European Union allowances  

ETS – Emission trading system / scheme 

ICE – Intercontinental Exchange 

  – Asset price 

  - Strike price 

  - Futures contract price 

  – Time period 

  - Delivery / ending period 

  - Time to maturity, i.e.        

  – Risk-free interest rate  

  – Security yield 

  – Convenience yield 
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1. Introduction 

Over the past three decades financial markets and institutions have faced important changes. 

Rajan (2005) points out technological development, deregulation and the institutional change as 

key factors for change within the financial world. Indeed, the development of computer science 

and telecommunication systems had a major impact, not only in the financial world but also in 

many other aspects of the society. Derivatives’ contracts became widely known and used due to 

their features which enabled financial institutions to leverage positions and manage risks and 

exposures with a wide variety of methods and instruments.  

Along with these changes within the financial world, environmental issues have faced some 

important developments as well over the past decades. Climate change was widely related 

towards human activity, fact that motivated actions intended to reduce the impact of human 

activity in climate change. Having this in mind, the United Nations promoted the Kyoto Protocol, 

which comprised mechanisms intended towards greenhouse gases’ reduction and among these are 

Emission-trading schemes, particularly the European Union Emissions Trading System (EU 

ETS). Being these, markets that allow the trading of financial products whose underlying assets 

are emissions of pollutant gases, finance academics and professionals developed some work in 

order to understand how such financial assets could be valued. Daskalakis, Psychoyios and 

Markellos (2009) conducted one of the most important and complete studies, available up to date, 

regarding the pricing of carbon emissions in phase I of the EU ETS. Taking this study as a 

guideline it is proposed the adaption of such methodologies to an analysis for phase II of the EU 

ETS. 

This thesis is structured as follows: 

Chapters 2 and 3 present the theoretical framework under which this thesis is built on. While 

chapter 2 introduces the Carbon Markets thematic, providing some insights on the main 

mechanisms established in the Kyoto Protocol and with an obvious highlight to the EU ETS, 

chapter 3 introduces financial derivatives, focusing on the presentation of financial options. In 

this chapter, it is also introduced the Black-Scholes model, the most widely known and used 

method for valuing options contracts, and its extension proposed by Merton (1976), in order to 

account for jumps in the securities’ prices. 
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Chapter 4 introduces the basic theory to value commodity contracts and the pricing of derivatives 

contracts within the EU ETS. Moreover, it presents the models that will then be tested.      

After presenting some extensive literature and models that allow the valuation of derivatives 

contracts whose underlying assets are emission allowances, in chapter 5 some of the presented 

models are applied. Here a call and a put option are valued and a short sensitivity analysis is 

conducted.  

Chapter 6 presents some concluding remarks to the study.   
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2. Carbon Markets 

2.1. Background 

Global warming is one of the key issues discussed over the past decades. Many have argued that 

human activity had an excessive contribution towards climate change, yet, only in the late 1980's 

there has been made an effort to combat climate change. 

Schofield (2007, pp. 246-247) underlines the following actions as the main events against climate 

change: 

 The formation of the Intergovernmental Panel on Climate Change ( IPCC) – 1988; 

 The Earth Summit, in which it was presented the first report developed by the IPCC – 

1992; 

 The presentation of the second report by the IPCC and development of the Kyoto Protocol 

– 1995 and 1997, respectively. 

In this last event, the Kyoto Protocol, the presentation of the second report developed by the 

IPCC concluded that human activity was having a significant effect on the climate, and that this 

would pose a future threat to human and economic development. Data suggests that from 1960 to 

2008 the emissions of carbon dioxide more than tripled worldwide, as shown in Figure 2.1.  

 

Figure 2.1 World CO2 emissions (kt) (The World Bank Group, 2012) 
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In order to combat climate change the protocol set individual targets for industrialized countries 

willing to reduce their emissions of greenhouse gases. The protocol outlined a variety of 

mechanisms that would allow countries to meet their environmental commitments.  

Among these mechanisms some were concerned with the reduction of emissions: 

 Clean development mechanism; 

 Joint implementation;  

 Emission-trading schemes. 

Clean development mechanism (CDM) and joint implementation are both project-based 

mechanisms, while emission-trading schemes (ETS) are market based mechanisms, also known 

as carbon markets. While market-based mechanisms work through the trade of rights to emit 

greenhouse gases and compliance with limits, the presented project based mechanisms work 

through the development and investment in projects that intend to reimburse or reduce carbon 

emissions in a cost-effective form.  

 

Figure 2.2 Global emissions trading  (The City UK, 2011) 
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especially from 2007 to 2008 when the market grew more than 114%. Despite the significant 

growth from 2004 to 2009, 2010 marked a decrease in terms of value of emissions traded, in part 

due to the global economics conditions (The City UK (2011)). 

2.2. Clean development mechanism 

A clean development mechanism (CDM) is an investment made by an Annex I country in a Non-

Annex I country
1
. The investment is supposed to contribute towards an improvement of climate 

conditions in the long run.  

This type of project is regulated by the United Nations, which concedes credits known as 

Certified Emission Reductions (CER). The CER’s are conceded according to the amount of 

emissions saved and will then be available to the investor countries to use them in order to meet 

their emissions’ levels or trade them in the open market. Some examples of CDM’s can include: 

energy efficiency schemes, fuel switching processes, or the capture and destruction of industrial 

gases. For instance, one of the examples found was conducted in Fiji by the Asian Development 

Bank. The project aimed towards the expansion of the water supply and sewage systems’ grid, 

and generation of biogas trough the capture of methane from a sewage treatment plant.     

From Figure 2.3 it can be assessed that CDM’s trading grew until it had a peak in 2008 followed 

by a significant downturn that is explained by an international recession, which contributed for 

the reduction of the need for allowances, thus affecting the investment in this project-based 

mechanism. Until June 2011, the main investors in CDM projects were European, with nearly 

70% of the total investments, and Japanese, which represented around 13% of the investments in 

CDM projects. Regarding European countries’ investment it is important to highlight the UK, 

since it represents more than one quarter of all investments in CDM projects until June 2011. On 

the other hand, the countries that had a greater inflow of investments in CDM projects are mainly 

emergent markets such as Brazil, India, China, Mexico, and Indonesia. Brazil, India and China 

combined, hosted more than 103.249 $m until June 2011, accounting for more than 85% of the 

investments made. It is also important to refer the investments made in China, which is a receiver 

of nearly 70% of all the CDM investments until June 2011. In terms of sector of development of 

                                                 
1
 Annex I countries represent the most developed and industrialized countries worldwide, while Non-Annex I 

countries represent mostly, economies that are undergoing social and economic development processes. Annex A – 

List of Annex I parties to the Kyoto Protocol presents the list of these countries. 
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this type of projects until June 2011, hydro electric power and wind were the two main sectors of 

investment in CDM projects, accounting respectively for 30% and 21% of the overall 

investments (see, for example, The City UK (2011), United Nations (2012), and Schofield 

(2007)). 

 

Figure 2.3 CDM transactions (The City UK, 2011) 
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Joint implementation transactions peaked in 2007 having a decreasing trend since then. The 

international recession is also pointed as a cause for the decrease in terms of these transactions 

(see for example Schofield (2007, p. 249), United Nations (2012) and Bloomberg (2010)). 

 

Figure 2.4 Joint implementation transactions (The City UK, 2011) 
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can also be observed in other commodities’ markets.
2
 Economic growth dynamics as well as the 

supply and demand for allowances are likely to have an impact on prices of emissions. Weather 

conditions, fuel prices and the existence of alternative sources of energy production are other 

important issues to consider when studying prices in carbon markets due to direct relations 

between these variables. For example, extreme weather conditions would trigger the demand for 

power generation thus having an impact in fuel prices and in the demand for allowances. 

Regulation and penalties can also have influence in terms of prices of emissions’ allowances 

(Schofield, 2007, pp. 249-252). 

There are several ETS’s worldwide, being the EU ETS the one that acquired greater scale and 

which is the object of this study. Yet, there are other carbon markets that are important to 

consider since many of these are prior to the EU ETS. Table 2.1 provides an insight on the 

amounts traded in these carbon markets in terms of volume and value. 

The Chicago Climate Exchange (CCX) was a voluntary emissions’ trading program established 

in 2003 and launched within the US and Canada. The program was an effort of US’s 

environmental policy to join the EU in creating a carbon market with the final objective of 

reducing greenhouse gases’ emissions. Despite being a voluntary program, it comprised major 

corporations, utilities and financial institutions around all US, in 8 Canadian provinces and in 16 

other countries. In 2010 though, the CCX’s program ended and the business units were acquired 

or restructured within the holding company. This North American based experiment in carbon 

markets failed due to the incorrect allocation of allowances, since there was a large imbalance in 

terms of supply of allowances (see, for example, The City UK (2011), Gronewold (2011), Barnes 

(2010) and the Chicago Climate Exchange (2011)).  

The New South Wales Greenhouse Gas Abatement Scheme (GGAS) was launched in 2003 in 

Australia, being one of the first compulsory emission trading schemes. The scheme focuses 

mainly on the reduction of greenhouse gases’ emissions originated from the production and use 

of electricity. The program is defined as a ‘baseline and credit’, which means that there are 

attributed credits according to the improvements made in greenhouse emissions. GGAS 

comprises electricity retailers and other parties from New South Wales and Australia, that need to 

meet the established targets for emissions of greenhouse gases. These targets need to be achieved 

                                                 
2
 The price drivers for carbon markets are also considered for the particular case of the EU ETS, see section 2.5.4. 
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collectively, thus forming a benchmark for each year (see, for example, The City UK (2011) and 

the Greenhouse Gas Reduction Scheme / Independent Pricing and Regulatory Tribunal (2011)). 

The Regional Greenhouse Gas Initiative (RGGI) is a program launched in 2008 in 9 states of the 

Northeast and Mid-Atlantic regions of the US. It consists in the first mandatory carbon market in 

the US covering more than 200 facilities in the energy production sector. The RGGI intends to 

reduce emissions of greenhouse gases through the establishment of a regional limit for the 

amount permitted for power plants to emit. Like in the CCX, RGGI suffers from over allocation 

with an exceeding 50% of limits over the emissions (see, for example, The City UK (2011) and 

the Regional Greenhouse Gas Initiative, Inc (2010)). 

   Allowance-based  transactions     

Volume of trading (mtCO2)           

  EU ETS GGAS CCX RGGI AAU Total 

2005 321 6 1 0 0 328 

2006 1.104 20 10 0 0 1.134 

2007 2.060 25 23 0 0 2.108 

2008 2.956 31 69 62 48 3.166 

2009 5.504 33 41 809 136 6.523 

2010 5.712 29 63 178 19 6.001 

            

Value of trading (Million Dollars)      

  EU ETS NSW CCX RGGI AAU Total 

2005 7.908 59 3 0 0 7.970 

2006 24.436 225 38 0 0 24.699 

2007 49.065 224 72 0 0 49.361 

2008 100.526 183 309 198 276 101.492 

2009 118.474 117 54 2.179 2.003 122.827 

2010 119.800 100 2 400 260 120.562 

Table 2.1 Main emission trading systems (The City UK, 2011)  

2.5. European Union Emission Trading System (EU ETS) 

The European Union Emission Trading System (EU ETS), launched in 2005, was developed with 

the objective of cutting greenhouse gases within European Union's member states, and complies 

with the objectives stated in the Kyoto Protocol. The EU ETS is the largest carbon market 

operating both in volume and value of transactions as it can be observed in Table 2.1. Being a 

compulsory program enlarges the scope of operations of the system that covers 30 countries and 
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over 11,000 industrial facilities and power plants, and accounts for nearly half of all EU CO2 

emissions, thus making the EU ETS a central instrument in terms of environmental policy (see, 

for example, the European Commission (2011) and Grubb and Neuhoff (2006, pp. 8-10)). 

2.5.1. Creation and development of the EU ETS 

As mentioned above, the EU ETS was launched in 2005. However, its creation and development 

date from several years back. 

Ellerman, Convery and de Perthuis (2010, p. 13) mention that the theoretical foundations for the 

creation of such program date back from the 1960’s, especially with the theoretical approach 

purposed by Coase (1960). This author argued that under a market failure situation
3
, such as the 

pollution and depletion of natural resources, the allocation of environmental property rights can 

be a solution towards the achievement of an economically efficient solution, through the 

negotiation of social arrangements between the parties involved. Ellerman, Convery and de 

Perthuis (2010, p. 13) mention as well the work of Crocker (1966), Dales (1968) and 

Montgomery (1972), which developed studies in environmental economics, using experimental 

cases and modelling the socio-economic behaviour of economic agents under the existence of 

markets for emissions in which a fixed number of emissions are capped and allocated in a system 

by quotas (see, for example, the work of Montgomery (1972) on the economic analysis and 

framework for an emissions’ market). Price movements obtained from some of these empirical 

studies implied the incentive to innovation and emissions’ reduction. 

Concerning political triggers for the development of the EU ETS, the Single European Act of 

1986 and the Treaty on European Union of 1992 are important foundations not only in terms of 

environmental policy, but especially in terms of economic policy development as it created the 

idea of a single market with more integration and exchange of resources between the member 

countries. Despite this broader scope of integration, in 1992 the European Commission proposed 

the creation of a carbon energy tax within the European Union, proposition that failed mainly due 

to the loss of autonomy in terms of fiscal policy for some EU countries and also due to the strong 

industry lobbies that opposed the proposition. In 1998, following the Kyoto Protocol negotiations 

                                                 
3
 A common example used to express a market failure from an environmental nature is an Externality. Externalities 

can be understood using the definition of Friedman (2003): “an externality is the effect of a transaction between two 

individuals on a third party who is not consented to or played any role in the carrying out of that transaction”. 
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and the abandonment of the EU carbon energy tax proposal, fifteen EU countries agreed to adopt 

measures that would enable the achievement of 8 per cent less emissions than those from 1990, 

by the 2008 to 2012 period. It was also in 1998 that the European Commission released the 

strategy document that would define the post-Kyoto actions to adopt in order to meet the goals 

defined in that Protocol. In this document, Climate Change: Towards an EU Post-Kyoto Strategy, 

it was also determined that an emissions trading scheme would be implemented from 2005 on, 

and it would be a decisive element in terms of European environmental policy. 

Even though the creation of the EU ETS is still quite recent, several countries and organizations 

within the EU have had experiences with emissions trading before the development and 

implementation of the EU ETS. The United Kingdom is one of the countries with greater history 

in terms of carbon taxes and emissions trading, since during the early 1990’s it started to discuss 

the implementation of such taxes and other environmental protection projects which ultimately 

led to the creation of the UK Emissions Trading Scheme in 2002. Denmark is another example of 

implementation of emissions trading programs at a local level. This Nordic country has an 

important background in terms of usage of environmental taxes to achieve environmental goals. 

Prior to the implementation of the EU ETS the Danish government adopted measures to limit a 

cap on emissions from the energy sector, particularly the electrical facilities, in a descending 

trend. Regarding private company programs, it can be mentioned the experiment made by the 

company British Petroleum (BP) from 1998 to 2001, that introduced an internal trading scheme 

with successful results as the company managed to reduce the emissions of greenhouse gases by 

more than 10% (see, for example, Ellerman, Convery and de Perthuis (2010, pp. 16-21) and 

Victor and House (2006)). 

2.5.2. Characteristics of the EU ETS 

Several characteristics contribute to the uniqueness of the EU ETS. First of all, and as mentioned 

previously, there is an important linkage between the EU ETS and the Kyoto protocol, as this 

serves as a guidance for the application of this European system.  

The program is a “cap and trade” system, which means that it works through the creation and 

distribution of limits in terms of greenhouse gases that can be emitted by the installations covered 
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and companies and countries receive permits for their allocated emission limits. The cap on limits 

to emit such pollutant gases creates scarcity, thus giving value to the permits.    

On a yearly basis, installations/countries must report their emissions and cover them with the 

corresponding allowances. In the event of a shortage of allowances, the regulator will charge 

fines to the company or country.  

Another characteristic to consider is the progressive reduction of allowances over time, and the 

multi-period allocation. Hence, it can be said that the intention of the program is to reduce 

emissions over time and therefore the amounts of carbon allowed will decrease in future 

allocations.  

In terms of its periodicity, the program allocates and implements new regulations (e.g. covered 

facilities) periodically in 3 different phases: 

 Phase I marked the beginning of the program; covering the period from 2005 to 2007, it 

was outside the Kyoto protocol frame and it was important to provide experience in 

emissions trading and to develop organizations involved in carbon markets. Phase I was 

marked by several challenges for a new market, being the over allocation of permits 

which drove prices near to zero the most discussed one. 

 Phase II covers the 2008-2012 schedules and, despite previous knowledge and a reduction 

of the emissions cap, is marked by a global economic recession that caused a supply of 

allowances greater than the emissions, and for the inclusion of the aviation sector within 

the scope of the EU ETS in 2012.  

 Phase III will cover the 2013 to 2020 periods and presents several important elements, 

among which are the reduction of the cap on emissions by 1.74% per year, the stronger 

focus on reductions within the EU and the enlargement of the scope of operations to other 

sectors and gases, such as chemical producers or nitrous oxide gas.  

Regarding this multi-period feature, it is important to consider the possibility of banking and 

borrowing within any trading period. This means that allowances are issued annually and once 

they are issued they can be used to cover emissions’ limits in any year. The exception on this rule 

was phase I of the EU ETS, in which there was a restriction on banking permits.  
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Up to certain limits and conditions, installations under the EU ETS can also use credits 

accomplished outside the European Union to comply with their emissions targets. These credits 

are known as Certified Emission Reductions (CER) or Emission Reduction Units (ERU) and 

result from the project-based mechanisms, joint implementation and CDM. The limits mentioned 

must be accordant to the criteria of the Kyoto Protocol that intends to ensure that a relevant part 

of the emission reduction is achieved within the territory. In the EU ETS, the limit is a specified 

percentage of the allocation to each member state that is presented in its National Allocation Plan 

(NAP). 

These National Allocation Plans are in fact a central part in each member state emissions trading 

policy since these are policy documents that outline the degree coverage and justified allocation 

of permits in the territory. Each member state is also responsible for monitoring, reporting and 

compliance of the EU Monitoring and Reporting Guidelines (see, for example, Ellerman, 

Convery and de Perthuis. (2010), the European Commission (2011) and The City UK (2011)).   

2.5.3. Tradable securities 

Within the EU ETS there are two main types of possibilities to trade through: European Union 

Allowances (EUA) or via Certified Emission Reduction (CER). EUA’s can be traded, as many 

other securities in the spot market, in which the underlying is physically delivered between 24 

and 48 hours after the negotiation, as forward or futures contracts, in which the underlying 

security is traded in a future date, or even in the form of swaps and options. 

In terms of the CER market, this is a bit more complex. There are some limitations towards the 

usage of these allowances to comply with the EU ETS’ limits, factor that may influence its value. 

The market for CER is divided into two different segments. The first segment consists in the 

trade of forward contracts for CER’s. These are usually sold by developers and the CER’s 

represent the amount of emissions that will be saved by the underlying project in the future. 

These projects have risks associated since there are no guarantees of its success. In other words, 

the reductions purposed may not be achieved and therefore the credits from the project may not 

be issued. Such market represents a primary market for CER’s, as it comprises the development 

and issuance of the projects and respective credits. The other segment is a secondary market as it 

comprises the trade of CER credits. In this case, the credits were already issued or its issuance is 
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guaranteed, and the only activity is trading. This secondary market comprises fewer risks when 

compared to the primary market since the delivery of the security, the CER, is guaranteed. Figure 

2.3, previously discussed, presents the evolution of the transactions for CDM projects, in which it 

can be seen that in the first years of activity, the primary market had a greater weight in terms of 

transactions. However the secondary market transactions grew significantly over from 2008 on, 

representing more than 90% of these transactions in 2010 (see, for example, Ellerman, Convery 

and de Perthuis (2010) and The City UK (2011)).  

2.5.4. Carbon price drivers 

Within the EU ETS, like in any securities market, price movements are influenced by supply and 

demand dynamics as well as by a set of other factors. Bataller, Tornero and i Micó (2007) and 

Chevallier (2011) developed studies on the topic, using the EU ETS as basis. These studies 

suggest the influence of energy prices, weather conditions, technological development and 

political and regulatory decisions in the prices of EUA’s. Energy prices, more particularly fossil 

fuels, have a significant impact in the price of carbon allowances. Lowrey (2006) builds up the 

following rationale describing the influence of energy commodities in the price of carbon 

allowances: “if the price of gas increases relatively to the price of coal, then the cost of switching 

from gas to coal increases and – other things being equal – the demand for coal will increase. 

Therefore, the demand for carbon allowances to cover that generation will also rise, leading to a 

resultant increase in emission allowance prices”. Weather conditions are a proxy for the demand 

and supply of energy, thus affecting carbon allowances’ prices. The studies conducted by the 

aforementioned authors point out that normal weather conditions may not have a very relevant 

impact. However extreme or unanticipated weather conditions do have a significant impact in 

carbon prices. Technology is referred by Bataller, Tornero and i Micó (2007) as an important 

factor to consider when explaining the dynamics of carbon prices, despite being difficult to 

quantify its influence. One can, however, consider technological development in order to obtain 

more fuel efficient systems. Finally, Chevallier (2011) provides some views in terms of political 

and regulatory decisions that influence the prices of carbon allowances. The allocation of 

allowances, and eventual imbalances that arise from it, are a political decision that influences the 

pricing of carbon allowances, as it was experienced in phase I of the EU ETS, the over allocation 

of allowances had a significant impact in the price of EUA’s. Banking restriction is another 
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example of a political and regulatory measure that can have an impact in carbon prices within the 

EU ETS. In the first phase of the EU ETS, the existence of this measure implied that allowances 

“stored” at the end of the period had no commercial value afterwards, thus leading the spot and 

future prices towards zero as this first period ended.    
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3. Financial derivatives 

Financial derivatives (or just derivatives) are financial instruments whose price depends on the 

price of another asset, denominated the underlying asset. Derivative instruments can depend on 

almost any variable, from common financial products such as stocks, interest rates or 

commodities, to some more elaborate products such as weather conditions.  

There are 4 basic types of derivatives’ contracts: forward, futures, options and swaps. These will 

be briefly described bellow. 

3.1. Forward contracts 

A forward contract is an agreement to trade an asset in a future date for a certain price that is 

fixed when the contract is celebrated. Such contract is traded over-the-counter, which means that 

there is no platform connecting buyer and seller, which negotiate the contract among themselves. 

Figure 3.1 presents the profit/loss behaviour for traders holding long or short positions in a 

forward contract. 

 

Figure 3.1 Profit/loss of a forward contract 
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3.2. Futures contracts 

A futures contract is an agreement between two agents to trade an asset in a future date at a 

certain price that is fixed in the present. Despite being quite similar in terms of definition, there 

are some very important differences between futures and forwards’ contracts. Table 3.1 presents 

the main differences between futures and forwards.  

Contract Futures Forwards 

Form 
Standardized, only the price is 

negotiable  

All elements are agreed 

between the parts  

Liquidity High level of liquidity 

Level of liquidity varies 

according to the elements 

established between the parts 

Margins system 
Contracts comprise margins 

requirements 

No margins required, only at 

maturity there is a financial 

flow 

Closure of the contract 
Contracts are closed by 

offsetting positions 

Extinction of contracts with 

the delivery of the underlying 

asset 

Intermediation 
Contracts are agreed within a 

Board of Exchange/ trade 

Contracts are established 

directly between the parts 

Table 3.1 Futures vs. forwards' contracts  

3.3. Options 

In an options’ contract there is a trade of rights and obligations between the parts. First of all, it is 

important to understand that in an options’ contract there are two types of contracts and two types 

of positions within those contracts. An option can be either a call or a put option. Within a 

call/put option, the holder has the right but not the obligation to buy/sell an underlying asset at a 

certain future date, called maturity date, for a specified price, called exercise price. As mentioned 
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there are two positions within a contract, long and short positions. The holder of a contract is 

defined as having a long position, as it owns a right, while the other part, which sold the contract, 

has a short position since it assumes an obligation, though it has the right to receive the premium 

paid at the beginning of the contract. 

A call option's payoff can be defined as: 

                   
(3.1) 

while a put option's payoff is defined by: 

                  
(3.2) 

with    being the price of the underlying security at the maturity date   and   the strike price or 

exercise price. 

Figure 3.2 presents the general outcomes from an options’ contract according to the position 

assumed. 

 

 

Figure 3.2 Profit/loss on an options' contract 
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Table 3.2 presents a summary of the types of options contracts, positions and respective rights 

and obligations. 

 Call Option Put Option 

Long Position Long Call (right to buy) Long Put (right to sell) 

Short Position Short Call (obligation to sell) Short Put (obligation to buy) 

Table 3.2 Options' contracts positions 

Options’ can also be classified according to its moneyness degree. An option is said to be (a) at-

the-money if its strike price equals the price of the underlying asset, (b) out-of-the-money if it 

delivers a negative payoff or it is not exercised, being then a call option whose exercise price is 

higher than the underlying asset’s price or a put option whose strike price is lower than the 

underlying assets’ price, or (c) in-the-money if it is to be exercised, thus being a call option with 

strike price lower than the underlying assets’ price or a put option whose strike price is higher 

than the underlying asset’s price. An option can also be classified as European, if it can only be 

exercised at maturity, or American, if it is allowed to be exercised prior or at maturity. 

It is also important to consider the relationship known as put-call parity, relating the prices of 

European call and European put options. In practical terms, the expression allows to deduct the 

value of a European call option from the value of a European put option with the same 

characteristics (exercise price and exercise date), and vice-versa. If the put-call parity does not 

hold, there are arbitrage opportunities in the market. The put-call parity is expressed by: 

                (3.3) 

where    is the value for a European call option,    is the value for a European put option,   is 

the exercise price for the option,   is the risk-free interest rate,   represents the time to maturity, 

and    gives the value for the stock at the present date. 
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3.4. Swaps  

In a swap contract two parties agree to exchange cash flows in a future date. Usually, these 

agreements represent an agreed fixed rate versus a floating rate. For example, a company could 

manage its currency exchange risk using a swap contract; in this case it could agree a fixed 

exchange rate in order to avoid fluctuations in the currency markets. 

3.5. Valuation of derivatives’ instruments 

3.5.1. Black-Scholes-Merton model 

The Black and Scholes (1973) and Merton (1973) model (hereafter for, BSM model), was a 

major accomplishment in terms of options' valuation, resulting also in the award of a Nobel Price 

for their living authors, Myron Scholes and Robert Merton. The BSM model represents a 

mathematical expression that allows to value European call options on stocks that do not pay 

dividends. 

Introduced by Fisher Black and Myron Scholes (1973), the model was later generalized by 

Merton (1973), in order to value options on dividend paying stocks and with stochastic interest 

rates.  

The original valuation of the BSM model is built under the idea that in the market, if options 

were correctly valued, a trader should not be able to make sure profits combining long and short 

positions in options and their underlying stocks. The mathematical expression derived is build 

upon some assumptions for ideal market conditions.  It is assumed that there are no transactions 

costs, securities are traded continuously and the underlying stock does not pay dividends. It is 

also assumed that the risk free interest rate is known and is constant during the contract’s period 

and that there is unlimited borrowing and lending with this rate. There are no penalties to short 

selling and the option is European that is it can only be exercised at maturity. Finally, it is 
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assumed that the stock price follows a geometric Brownian motion with both constant mean and 

variance
4
. 

Under the BSM model it is assumed that the stock price behaviour follows a geometric Brownian 

motion that is: 

                 
    (3.4) 

with µ and σ representing the mean and standard deviation of stock returns, and W representing a 

standard Gauss-Wiener process. 

The lognormal process for the stock price behaviour in the previous equation has the following 

transition probability density function: 

                                
  

 
            (3.5) 

with  ( µ ,    ) being a normal density function with mean µ and variance   . 

The BSM model option pricing formulae is a function of the stock price    and the option's time 

to maturity  . The remaining parameters in the equation are constant and observable, with 

exception for the standard deviation of the returns for the asset, parameter that accounts for the 

volatility on the security. 

Thus, the formula for pricing European-style call options is given by: 

            
         

                          (3.6) 

and for pricing an European style put option, the respective formulae is given by: 

            
                         

             (3.7) 

                                                 
4
 From stochastic processes it can be understood that these are statistical approaches used to describe the behavior of 

variables, named stochastic variables, whose value changes over time in an uncertain way. The Brownian motion 

process, used in the BSM model, is a particular type of stochastic process that derives from the Wiener Process 

which is a stochastic process that has normal distribution with a mean change of zero, a variance rate of 1 per year 

and in which the values of for any 2 different short intervals of time are independent. (Hull, 2005, pp. 216-223)       
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with the volatility parameters    and    given by: 

    
   

  
 
                

   
 (3.8) 

and 

 
   

   
  
   

              

   
         (3.9) 

with    representing the call option's price or its premium at time  ,    representing the put 

option's price or its premium at time  ,    the stock price at  ,   the exercise price of the option, 

        being the time until the expiration of the option,   the risk free interest rate,   the 

standard deviation of returns on the security until the expiration date,   is the continuous 

dividend yield on the security, and       the cumulative normal density function. 

3.5.2. Merton jump-diffusion model 

 Following the general BSM model to value options, Merton (1976) proposed an approach that 

accounts to the possibility of the underlying asset’s value taking any level or jump, in a 

continuous time framework.  

A model such as the BSM, in which the price of the underlying asset follows a Brownian motion, 

is feasible if price changes over a short period of time are not expected to be very large. This 

means that, unless volatility is extremely high, in the short term prices will never jump. 

The jump-diffusion model presented here enables to account for this kind of behaviour in terms 

of asset’s prices. In order to account for extraordinary changes in terms of price dynamics, 

Merton (1976) describes changes in securities’ prices as having two different components, 

normal and abnormal price vibrations. Normal price vibrations can be described as day-to-day 

economic movements that are almost certain to occur. Merton exemplifies this type of vibrations 

referring to supply and demand disequilibrium’s or changes in the economic outlook. Normal 

price vibrations are modelled using a standard geometric Brownian motion with constant 

variance. Abnormal price vibrations result from new information about the security that has a 

great impact in the price, such as relevant firm or industry information. These price vibrations are 
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modelled by a jump process. In practical terms, this is implemented using a Poisson distribution 

for assessing the number of jumps, which is given by: 

                
     

  
  (3.10) 

with λ being the jump intensity, τ the time to maturity and   the number of jumps during the 

options’ life. 

Merton then defines a random variable    to be conditional towards the number of jumps up to 

time  , and a variable    to be the expectation operator for the distribution of   . Considering the 

independence among variables it is proposed the following formula for the Merton’s jump 

diffusion option pricing model: 

            
         

  

 

   

            
     (3.11) 

with        .  
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4. The pricing of Emissions’ Allowances 

4.1. Commodities’ general theory 

Commodities are important instruments not only within the financial industry, but also in terms 

of economic policy of a country or in terms of the economic and financial strategy of 

corporations. 

First of all, in order to present some of the main theoretical models regarding commodities, it is 

important to introduce the concepts of contango and backwardation, which are not more than 

price behaviours within futures markets. A market in contango represents a situation in which the 

spot price is bellow the forward price, while a market in backwardation represents an opposite 

situation, the spot price exceeds the forward price. Keynes (1971) refers that markets should, 

most of the times, be in backwardation. A situation described by this author that is easily 

understandable is the inexistence of a supply of the commodity in the short run, thus leading the 

spot price to be higher. Keynes (1971) also mentions that the spot price should exceed the 

forward price by an amount that allows the producer to hedge himself during the production 

period. An opposite position was taken by Telser (1958) which argued that there was no reason 

for the existence of a consistent difference between spot and futures’ prices before the expiration 

of the contract. This author argued as well that arbitrage opportunities would be eliminated 

immediately in competitive markets. 

On this issue, Geman (2005, p. 34) refers that futures contracts’ prices reflect a mix between the 

expectation existent in the market regarding the future spot price for a commodity and the risk 

premium and risk aversion of market participants, i.e., their behaviour regarding the possibility to 

pay a fixed price in the present for the future delivery of a commodity or their willingness to risk 

commodity price movements.   

Some other concepts, among the most important in the literature regarding commodities are the 

theory of storage and convenience yield. The theory of storage was developed by Kaldor (1939) 

and Working (1949) and focuses on the benefits of ownership of a commodity, defined as 

convenience yield. As mentioned, the convenience yield is the benefit or cost of having the 

physical commodity available in the present moment. Geman (2005, p. 24) exemplifies the 

situation of the unanticipated demand for a commodity and the benefit for holding inventory, thus 
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having attached a convenience yield. One can also refer an opposite situation, the cost of storage 

attached with the ownership of a commodity.  

Geman (2005) mentions as well several issues regarding scarcity and volatility in commodities’ 

markets. Commodities are usually more volatile than other financial assets, and one can argue 

that those price dynamics of commodities can be explained in part by weather conditions and 

seasonal patterns of growth (especially for agricultural commodities), demand and supply 

fluctuations, or geopolitical issues
5
. Under this thematic of volatility in commodities’ prices, 

Samuelson (1965) presented a stochastic model that proofs the randomness of prices within 

commodity markets.  

4.2. Commodities pricing 

Concerning the subject of commodity contracts’ pricing, some of the most well known works can 

be traced back to Merton (1973), that provided a derivation formula to price European options on 

commodity contracts, or to Black (1976), which derived a formula to price options on futures on 

commodities. Geman (2005) also presents a spot-forward price relationship in commodities’ 

markets assuming the absence of arbitrage opportunities, allowing the derivation of the current 

futures price for a future date   which is related with the spot price at time  . In mathematical 

terms, this relationship is given by: 

   
     

      , (4.1) 

with    representing the spot price at time  ,   representing the interest rate at   for maturity  ,   

the convenience yield for the commodity, and τ the time to maturity for the contract (or    ).  

Concerning the referred approach by Merton (1973), it can be derived a formula to value 

European-style options on commodity contracts which lays down on the assumptions of the BSM 

model (see section  3.5.1) with exception of the dividend payments that are substituted by a 

variable  , representing the aforementioned convenience yield. Merton’s equation to derive the 

price of European call options on commodity contracts is given by: 

       
                   , (4.2) 

                                                 
5
 See for example Schofield (2007) for more detailed information regarding specific commodity price drivers, and 

section 2.5.4 for price drivers on carbon markets. 
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and to derive European put options, the formula is given by: 

                   
         , (4.3) 

with the Gaussian distribution parameters     and    equal to: 

 
   

   
   

   

             

   
 

(4.4) 

and 

 

           (4.5) 

being    the call option price for the given commodity at time  ,    the put option's price for the 

commodity at time  ,    the spot price at   for the underlying commodity,   the strike price of the 

option,         the time frame until the expiration of the option,   the risk free interest rate,   

the standard deviation of returns on the underlying commodity and, as mentioned and   

represents the convenience yield for the commodity, keeping in mind that for storable 

commodities this can be presented as       , being    the benefit inherent from the 

ownership of the commodity and   the storage cost of the commodity. 

The valuation of options on futures has been proposed by Black (1976). The valuation of such 

contracts is quite important since most commodity contracts traded in financial markets, occur 

under futures or forward contracts, as mentioned by Geman (2005, p. 93). The model itself builds 

up under the original BSM model (see section 3.5.1) and its proposed formula to value a 

European style call option on a futures contract is: 

             
                 (4.6) 

while the formula for the respective European put option is given by: 

                     
           (4.7) 
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Just like in the BSM model and in Merton (1973) model, we have: 

 
   

   
  
  

         

   
 

(4.8) 

and 

 

           (4.9) 

The notation used is the same when relating to the model presented by Merton (1973), though 

having in mind that   
  

 represents the value of a futures’ contract expiring at   .  

Geman (2005, p. 94) points out a particular situation concerning the relationship of the referred 

models which, if      (recall that      , where T is the maturity date for the option), or in 

other words, the maturity dates for the futures contract and for the option on that contract are the 

same, and if the commodity’s spot-forward relationship is applied to derive the futures’ price then 

Black (1976) formula will equal Merton (1973) its formula for options on commodity contracts. 

4.3. The pricing of emissions’ allowances within the EU ETS 

As mentioned earlier in section 2.4, carbon market’s derivatives are considered commodities. 

Therefore, in many ways, it is useful to consider some of their properties when modelling carbon 

prices. Being the EU ETS the largest carbon market in activity worldwide, it is important to 

assess the pricing of its tradable commodities and which models better describe the behaviour of 

such assets. Among the extensive literature available related with commodities, specific papers 

on carbon pricing and emission derivatives pricing are not so common. As referred by Benz and 

Trück (2006), the lack of historical data is an issue when authors attempt to model price 

behaviours in the EU ETS. Despite the referred lack of applied literature on carbon markets, 

several authors contributed with some fundamental theoretical works and/or empirical studies on 

the subject. 

Paolella and Taschini (2006) applied GARCH models in order to conduct an empirical analysis 

on the returns for the spot prices from the CCX. Fehr, Hinz and Carmona (2009) propose a model 

that values the strategy followed by market participants involved in carbon emissions’ trading. 
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This strategy builds up on models from other commodities, particularly energy commodity 

pricing models, and assumes that market participants follow an optimization strategy of carbon 

allowances in order to manage risks related with the trade of such emissions. Seifert, Uhrig-

Homburg and Wagner (2007) present a stochastic equilibrium model and analyze the spot price 

dynamics for the EU ETS. Unlike the previous model, in this case it is taken the role of a central 

planner that intends to minimize the costs and maximize the profits. There is a cap on emissions 

to be released in the beginning of each trading period and during the trading period the market 

participants decide on the costless alternative to approach emission reductions, that is the cost 

efficiency between abatement strategy and/or the payment of a penalty. The authors found the 

inexistence of any deterministic seasonal component related with the emissions rate in the spot 

price of allowances, and that volatility increases when reaching the end of a trading period. Benz 

and Trück (2009) conduct an analysis of the spot price behaviour of carbon allowances within the 

EU ETS in the short-run. Their study applies a stochastic process and econometric models to 

account for heteroskedasticity in order to study the spot price dynamics and volatility in this 

market. The study concluded that regime-switching models with auto-regressive processes better 

fit the data, when comparing the log returns from the EU ETS with the models’ forecast.  

Daskalakis, Psychoyios and Markellos (2009) compared several models to value allowance prices 

within the EU ETS and conducted an empirical analysis comparing the main markets trading spot 

and futures contracts. The study was conducted during phase I of the EU ETS, in which there 

was a banking prohibition (see section 2.5.2), fact that led the authors to conclude that the 

standard approach to price commodities (Black’s formula, see section 4.2) leads to significant 

pricing errors. The econometric analysis conducted, which compared the French Powernext and 

the Nordic Nord Pool, concluded that the spot price behaviour for carbon allowances between 

these markets is quite similar and there is a strong correlation coefficient between these markets. 

Regarding the analysis for the futures markets, conducted for the Dutch European Climate 

Exchange and the Nordic Nord Pool, it was concluded that futures on carbon allowances were 

negatively correlated with equity market returns. It was also concluded that the nature of the 

contracts traded had a different behaviour, since the analysis comprised contracts ending within 

phase I (inter-phase contracts) of compliance and contracts with maturity date in phase II (inter-

phase contracts) of compliance of the EU ETS. The price of intra-phase contracts evolved 

following the behaviour of the spot prices, while the price of inter-phase contracts deviated from 
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the spot price. The authors provide some insights on this difference in terms of behaviour, as it 

appears to exist convenience yields in inter-phase contracts. In order to model the price behaviour 

for such contracts the authors applied six different continuous-time stochastic models.  

In order to price futures contracts the authors use the aforementioned approach (see section 4.2) 

defined in equation (4.1). The convenience yield, in this situation, would be equal to zero since 

the storage of permits is costless.  

Regarding the pricing of options on futures written on carbon allowances, the authors propose an 

approximation scheme using the basic models discussed previously. Under this model the price at 

time   of a call option expiring at   , written on a future contract having maturity date    would 

be:  

                   
                    

 

  
 

 

   

                      (4.10) 

 

where         is the price at time   of a zero-coupon bond with maturity at time   ,   is the 

strike price for the option, while   represents the jump intensity.  
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5. Model simulation 

The model presented by Daskalakis, Psychoyios and Markellos (2009) was applied by 

considering the BSM model as a basis and adapting it to account for jumps, which leads to the 

price of a European call option written on a futures contract.  

All the obtained results in this work were performed in Matlab. The respective programming 

code is presented in Annex B. 

5.1. Model specification and assumptions 

To model the presented derivatives’ products it is assumed as the initial date the 1
st
 of June of 

2012. This will allow us to conduct a simulation of the price of the aforementioned call option, 

using EUA’s as the underlying asset, whose maturity is in the last Monday of the contract month, 

in this situation, the 31
st
 of December 2012. Each contract entitles to one lot of 1000 CO2 EU 

Allowances which represents the right to emit one tonne of a carbon dioxide gas. The contracts 

are settled and delivered physically. Trading is conducted in Euros and is continuous throughout 

the trading hours. 

In order to apply the presented model to market data it was necessary to consider some 

assumptions regarding the elements to derive the values, as presented in equation (4.10). The 

variables to account for in the model are expressed bellow: 

Variable Value 

        6,34€ 

  0 ; 0,5 ; 1 

σ 3,57% 

  5,706€ ; 6,34€, 6.974€ 

       1 ; 0.5 ; 0,0096 

  0.943% ; 0,665% ; 0,357% 

Nmax 10 

Table 5.1 Summary of values used for modelling derivatives' contracts 
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The futures contract price was considered from the Intercontinental Exchange 
6
(ICE) with 

maturity in December 2012. Regarding the lambda parameter (  , used to account for the jump 

intensity, three possibilities were considered, having a jump intensity of 0, 0.5 or 1, in order to 

access on the sensibility of this parameter, considering that, according to Merton (1976),     

provides no specification error and     provides maximum misspecification. Concerning the 

strike price for the option it was considered several options, taking as basis that the option is at-

the-money and using then a 10% coefficient being then the option either in-the-money, with 

               , or out-of-the-money, with                .  

The parameter tau (      ), represents the time to maturity. Therefore, at the beginning of the 

simulation this value would be 1, since the contract is assumed to start at the assumed present 

date, 1
st
 of June of 2012. In order to assess the time dynamics it was considered three moments to 

evaluate the options’ price, at the beginning, with    , at the middle, with      , and one 

week until the end of the contract which represents the 24
th

 of December 2012 being     

      . Regarding the value for the interest rate, it was considered the European Interbank 

Offered Rate (EURIBOR) according the time to maturity of the contract that is 6 months, 3 

months or 1 week. The data collected refers to the 1
st
 of June 2012. The variable nmax is used in 

order to compute the jump process, as defined by Merton (1976). In this situation nmax would 

account for the maximum number of jumps during the options’ life. For the purpose of this 

simulation it was assumed that the maximum number of jumps to occur during the options’ life 

would be 10. 

5.2. Dataset specification and volatility 

In terms of volatility, it has been computed the historical volatility using a dataset from the ICE, 

considering as underlying a futures contract with maturity in December 2012, and that comprised 

258 observations starting at the 1
st
 of June 2011 until the 1

st
 of June 2012. The descriptive 

statistics for the prices and log-returns are presented in Table 5.2, while the price evolution and 

log-returns are presented in Figure 5.1 and in Figure 5.2, respectively. Analyzing the data and its 

representative figures, it is easy to notice the drop in the price of EUA futures from June 2011 

until June 2012. There are some sharpest movements. Yet, once the mean and standard deviation 

                                                 
6
 The Intercontinental Exchange (www.theice.com) is an exchange focused on the trade of financial assets as well as 

commodities, both in the spot and derivatives’ markets. 
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of log returns are observed, it can be seen that the movements, in a global perspective, are not as 

sharp.   

Price Log Returns 

Mean 10,0643 Mean -0,004 

Std. Error 0,1871 Std. Error 0,0022 

Median 9,13 Median -0,003 

Std. Deviation 3,0048 Std. Deviation 0,0357 

Variance 9,0291 Variance 0,0013 

Kurtosis -0,4067 Kurtosis 2,4172 

Skewness 0,6963 Skewness -0,1415 

Minimum 6,15 Minimum -0,1628 

Maximum 17,8 Maximum 0,1277 

Count 258 Count 257 

Table 5.2 Descriptive statistics of EUA futures' contracts with maturity in December 2012 

 

Figure 5.1 EUA Futures price 
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Figure 5.2 Log-returns for EUA Futures price 

5.3. Simulations’ results and analysis  

After listing the assumptions and methods that provide theoretical and technical basis for the 

computation of the call options’ price, the following simulation was conducted. The results are 

provided in Table 5.3. This table presents not only the effective value for each European call 

option calculated, but also the setup used for it, i.e., the assumptions underlying each calculation, 

which, as it was mentioned, can vary according to the strike price, lambda or tau, as the 

remaining parameters are assumed to be constant. 
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SPOT(€) STRIKE(€) LAMBDA TAU VOLATILITY RATE NMAX VALUE(€) 

6,34 6,34 0 1 0,0357 0,00943 10 0,0895 

6,34 5,706 0 1 0,0357 0,00943 10 0,6282 

6,34 6,974 0 1 0,0357 0,00943 10 0,0003 

6,34 6,34 0,5 1 0,0357 0,00943 10 0,0895 

6,34 5,706 0,5 1 0,0357 0,00943 10 0,6282 

6,34 6,974 0,5 1 0,0357 0,00943 10 0,0003 

6,34 6,34 1 1 0,0357 0,00943 10 0,0895 

6,34 5,706 1 1 0,0357 0,00943 10 0,6282 

6,34 6,974 1 1 0,0357 0,00943 10 0,0003 

6,34 6,34 0 0,5 0,0357 0,00665 10 0,0635 

6,34 5,706 0 0,5 0,0357 0,00665 10 0,631 

6,34 6,974 0 0,5 0,0357 0,00665 10 0 

6,34 6,34 0,5 0,5 0,0357 0,00665 10 0,0635 

6,34 5,706 0,5 0,5 0,0357 0,00665 10 0,631 

6,34 6,974 0,5 0,5 0,0357 0,00665 10 0 

6,34 6,34 1 0,5 0,0357 0,00665 10 0,0635 

6,34 5,706 1 0,5 0,0357 0,00665 10 0,631 

6,34 6,974 1 0,5 0,0357 0,00665 10 0 

6,34 6,34 0 0,0096 0,0357 0,00357 10 0,0089 

6,34 5,706 0 0,0096 0,0357 0,00357 10 0,6339 

6,34 6,974 0 0,0096 0,0357 0,00357 10 0 

6,34 6,34 0,5 0,0096 0,0357 0,00357 10 0,0089 

6,34 5,706 0,5 0,0096 0,0357 0,00357 10 0,6339 

6,34 6,974 0,5 0,0096 0,0357 0,00357 10 0 

6,34 6,34 1 0,0096 0,0357 0,00357 10 0,0089 

6,34 5,706 1 0,0096 0,0357 0,00357 10 0,6339 

6,34 6,974 1 0,0096 0,0357 0,00357 10 0 

Table 5.3 Results' table from call options' simulation 

The following tables present the results obtained from the simulation, divided in terms of 

options’ moneyness degree, being at-the-money, in-the-money or out-of-the-money, respectively. 

It is then possible to compare options’ values according to the values of tau and lambda. 

It is possible to observe that in the simulation the parameter lambda does not have any influence 

in the results, since for each value of the jump intensity assumed (lambda) the obtained price for 

the call option is the same, being every other assumption equal. Considering this, the major 

changes in the price that were obtained are a result of the evolution in terms of maturity of the 

option and the respective moneyness degree. In the case of at-the-money and out-of-the-money 

options, it is then possible to observe a decrease in the options’ value when approximating 
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maturity, with values close to 0 in the case of at-the-money options and 0 in the case of out-of-

the-money options. In-the-money options have a different signal dynamics since they present an 

increase throughout the contracts’ life. The nature in which such contracts are established, in line 

with phase II of the EU ETS, and being an intra-phase contract, can be reflected in the values 

obtained. Recall that the contracts analyzed here give the holder the right to buy 1 EUA at the 31
st
 

of December 2012 for the predefined price. These features can enable investment opportunities at 

the end of the period since banking restrictions no longer apply in the EU ETS, therefore, EUA’s 

acquired until the 31
st
 of December 2012 (end of phase II) can be transferrable and used 

thereafter.  

  Strike 

 
  ITM ATM OTM 

Tau 

  5.706 6.34 6.974 

1  0,6282 0,0895 0,0003 

0,5  0,631 0,0635 0 

0,0096  0,6339 0,0089 0 

Table 5.4 Simulation results according to moneyness and time to maturity 

5.4. Put-option value estimation 

After computing the value for the call option, it is possible to estimate the value for a put option 

under the assumptions that were previously used.  

In short, one can easily apply the put-call parity to estimate this value. Another option is to use 

Matlab, given that it modelling the code is fairly straight forward taking the call options’ code as 

a basis. Recall equation (3.3) for the put-call parity, considering that in this situation the 

underlying asset would be the EUA’s spot price instead of a stock price, the put option’s value 

would be given by: 
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The values obtained are displayed in Table 5.5. 

  Strike 

 
  OTM ATM ITM 

Tau 

  5.706 6.34 6.974 

1  0 0,0301 0,5691 

0,5  0 0,0338 0,6013 

0,0096  0 0,0083 0,6334 

Table 5.5 Put option value estimation using put-call parity 

Considering the theoretical statement underlying the put-call parity, the obtained values would 

reflect the absence of arbitrage opportunities, i.e. if options trading in the market, under the stated 

conditions, are priced differently then there are opportunities for sure profits. 

5.5. Sensitivity analysis 

Considering now the initial situation, that is pricing a call option using the programming code 

previously stated, one can access which variables other can have a greater impact in the options’ 

price. 

For this experimental purpose, let us consider separately some variations in terms of volatility 

and interest rate for the underlying asset
7
. Considering for the purpose of this experiment, upward 

and downward variation of 10% in terms of volatility and interest rate, the new underlying 

assumptions for the model would be those stated in Table 5.6. 

  

                                                 
7
 Usually traders use measures called Greeks, which represent measures of sensitivity for options according to the 

underlying assumptions. Generalizing when computing Greeks, the volatility sensitivity is called Vega, while the 

interest rate sensitivity is called Rho. 
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Variable Value 

        6,34€ 

  0 ; 0,5 ; 1 

σ 3,213% ; 3,927% 

  5,706€ ; 6,34€, 6.974€ 

       1 ; 0.5 ; 0,0096 

  ( 6 months) 0,854% ; 1,044%  

  ( 3 months) 0,599% ; 0,732%  

  ( 1 week) 0,321% ; 0,393%  

nmax 10 

Table 5.6 Summary of values used for modeling derivatives' contracts - sensitivity analysis 

 The results from the new simulations are displayed in Annex C – Results for call options’ price 

on the sensitivity analysis, while the results for the respective sensitivities are displayed from 

Table 5.7 up toTable 5.10.  

As it can be observed in Table 5.7 and in Table 5.8, there is some sensitivity for at-the-money 

options as these appear to have positive response to changes in the value of volatility. In this 

situation, the 10% increase/decrease in the volatility contributed for a 10% increase/decrease in 

the options’ value at the beginning or in the middle of the maturity time, and for a 9% 

increase/decrease of the options’ value, one week until the end of the contract.  There is also 

some sensitivity observable in out-of-the-money options in the beginning of the contract (   ) 

with a variation of 100% with a 10% upward volatility, and -67% of variation with a 10% 

downward volatility. Despite that, it must be taken into account that these values, for out-of-the-

money options, can be easily ignored due to the absolute value of such options, which is very 

close to 0. 

In terms of interest rate sensitivity, it wasn’t found any sensitivity to changes in this variable, fact 

that can be an indication of a greater influence of volatility changes for the price of the call 

options here valued. 
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   Strike 

 
  ITM ATM OTM 

Tau 

1  0% 10% 100% 

0,5  0% 10% 0% 

0,0096  0% 9% 0% 

Table 5.7 Sensitivity with upward volatility 

  Strike 

 
  ITM ATM OTM 

Tau 

1  0% -10% -67% 

0,5  0% -10% 0% 

0,0096  0% -10% 0% 

Table 5.8 Sensitivity with downward volatility 

  Strike 

 
  ITM ATM OTM 

Tau 

1  0% 0% 0% 

0,5  0% 0% 0% 

0,0096  0% 0% 0% 

Table 5.9 Sensitivity with upward interest rate 

  Strike 

 
  ITM ATM OTM 

Tau 

1  0% 0% 0% 

0,5  0% 0% 0% 

0,0096  0% 0% 0% 

Table 5.10 Sensitivity with downward interest rate 
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6. Conclusion 

This work intended to provide an insight on carbon markets, particularly the EU ETS, give some 

background, and test a model that can be used to value call options traded in this market. 

Carbon markets and the EU ETS grew over the past few years becoming important both for 

managers and investors. Options and futures contracts traded in the EU ETS are relatively new 

products and their features and regulatory framework are, yet, being subject of study and 

development. Banking prohibition and allowance over allocation are policy issues that provide 

researchers a variety of economic and financial methods to study and model.   

The EU ETS’s contracts allow companies and countries to acquire allowances that represent an 

amount of carbon gases that can be released. Following the study of theoretical background, 

related both with carbon markets and financial derivatives, it was conducted a simulation for the 

price of a call option written on a futures’ contract trading in the EU ETS. The used model was 

based on the BSM model with a jump process. Analysing the obtained results it was possible to 

conclude that variations in the options’ price occurred mostly due to the moneyness degree and 

time to maturity. 

Moreover it was derived the price for a put option under the same basic assumptions, using the 

put-call parity relationship.  

Considering then the initial simulation, it was conducted a sensitivity analysis for the volatility 

and the interest rate, used to compute the first simulation. Results express a sensitivity of at-the-

money call options’ price to volatility, that is, with increases/decreases in volatility the value of 

at-the-money options’ increases/decreases.  

Regarding the discussed issue, there are several interesting opportunities for future research. It 

may prove to be interesting to assess on the impacts of new regulatory policies, adopted under 

phase II and phase III of the EU ETS, in the price movements of the derivatives traded. Other 

interesting research approach, already studied for phase I of the EU ETS, was banking 

prohibition effect in the correlation of the EU ETS with other commodities and equity indexes. 

Despite these suggestions, many other studies under the EU ETS and its derivatives can be object 

of study. Some authors have made important contributions so far, yet many specific issues in 

economics and finance are still available for study.  
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Annex A – List of Annex I parties to the Kyoto Protocol 

Australia 

Austria 

Belarus 

Belgium 

Bulgaria 

Canada 

Croatia 

Czech Republic 

Denmark 

Estonia 

European Community 

Finland 

France 

Germany 

Greece 

Hungary 

Iceland 

Ireland 

Italy 

Japan 

Latvia 

Liechtenstein 

Lithuania 

Luxembourg 

Malta 

Monaco 

Netherlands 

New Zealand 

Norway 

Poland 

Portugal 

Romania 

Russian Federation 

Slovakia 

Slovenia 

Spain 

Sweden 

Switzerland 

Turkey 

Ukraine 

United Kingdom of Great Britain and Northern Ireland 

United States of America 
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Annex B – Matlab programming code for EU ETS call options  

function value = Daskalakis2(fut, strike, lambda_star, tau_one, sigma, rate, 

nmax) 

  
tic 
InputMatrix = [fut, strike, lambda_star, tau_one, sigma, rate, nmax]; 
N = size(InputMatrix,1); 
value = zeros(N,1); 

  
for j = 1:N 

     
  value(j,1) = 

callJumpfun(fut(j,1),strike(j,1),lambda_star(j,1),tau_one(j,1),sigma(j,1),rate

(j,1),nmax(j,1)); 

     
end 

  
value = [(1:N)' InputMatrix value]; 

  
toc 

  
end 

  

  

  
function y = NormalSDist(d) 

     
y = 0.5*(1+erf(d/sqrt(2))); 

  
end 

  

  

  
function call = callfun(fut, strike, tau_one, sigma) 

  
d_one = (log(fut/strike) + 0.5*sigma^2*tau_one)/(sigma*sqrt(tau_one)); 
d_two = d_one - sigma*sqrt(tau_one); 

  
call = fut*NormalSDist(d_one) - strike*NormalSDist(d_two); 

  
end 
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function callJump = callJumpfun(fut, strike, lambda_star, tau_one, sigma, 

rate, nmax) 

  
sum = 0; 
n = 0; 

  
sum = sum + (exp(-

lambda_star*tau_one)*(lambda_star*tau_one)^n)/factorial(n)*... 
    callfun(fut, strike, tau_one, sigma); 

  
for n = 1:nmax 

     
    sum = sum + (exp(-

lambda_star*tau_one)*(lambda_star*tau_one)^n)/factorial(n)*... 
          callfun(fut, strike, tau_one, sigma); 

     
end 

  
callJump = exp(-rate*tau_one)*sum; 

  
end 
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Annex C – Results for call options’ price on the sensitivity analysis 

Upward volatility 

  

ITM ATM OTM 

  

5.706 6.34 6.974 

Tau 

1 0,6283 0,0984 0,0006 

0,5 0,6319 0,0700 0 

0,0096 0,6340 0,0097 0 

Downward volatility 

  

ITM ATM OTM 

  

5.706 6.34 6.974 

Tau 

1 0,6281 0,0805 0,0001 

0,5 0,6319 0,0573 0 

0,0096 0,6340 0,0080 0 

Upward interest rate 

  

ITM ATM OTM 

  

5.706 6.34 6.974 

Tau 

1 0,6275 0,0894 0,0003 

0,5 0,6317 0,0636 0 

0,0096 0,6340 0,0089 0 

Downward interest rate 

  

ITM ATM OTM 

  

5.706 6.34 6.974 

Tau 

1 0,6287 0,0895 0,0003 

0,5 0,6321 0,0636 0 

0,0096 0,6340 0,0089 0 

 


