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DIFFERENTIAL  EQUATIONS  IMPORTANT 

  IN  THE  M⏐G⏐∞ QUEUE  SYSTEM  TRANSIENT  BEHAVIOUR 

  AND  BUSY  PERIOD  STUDY 
 

 

FERREIRA  Manuel  Alberto  M., (PT) 

 

 

Abstract. This paper main subject is the M⏐G⏐∞ queue system populational process transient 
probabilities study as time functions. We achieve it completely when the time origin is an 

unoccupied system instant. But we do not get such a goal when the time origin is a busy period 
beginning instant. We shall see that, in this last situation, the service time length distribution 

hazard rate function plays a very important role. And so the results got may be useful in the 

survival analysis field. As the M⏐G⏐∞ queue can be applied in the modelation of many social 
problems: sickness, unemployment, emigration, ...(see, for instance, Ferreira (1995, 1996, 
2003a and 2003b)), in these situations it is very important to study the busy period length 

distribution of that system. We show, in this work, that the solution of the problem may be in 

the resolution of a Ricatti equation generalizing the work of Ferreira (1998 and 2003) as a 

consequence of the transient behaviour study. We put also a special incidence in the study of the 
mean and the variance of the transient probabilities when the time origin is a busy period 

beginning instant, as time function. It allows the consideration of very interesting linear 

differential equations. 

 

Key words: M⏐G⏐∞, transient behaviour, hazard rate function, busy period, Ricatti equation, 
first order differential equation 

 

 

1   Introduction 

 

 We call M⏐G⏐∞ a queue system at which the customers arrive according to a Poisson process 

at rate λ , receive a service whose time length is a positive random variable with distribution 

function ( ).G  and mean α . So ( )
0

1 G v dvα

∞

= −⎡ ⎤⎣ ⎦∫ . Upon its arrival each customer finds 
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immediately a server available. Each customer service is independent from the other customers 

services and from the arrival process. The traffic intensity is λαρ = . 

In a M⏐G⏐∞ queue there are infinite servers. But in general we do not impose the physical 

presence of infinite servers. Instead, in practical applications, we suppose that when someone 
arrives at the system it finds immediately a server available. Or that there is no distinction between 

a customer and its server. This is the key idea to use the M⏐G⏐∞ queue to model sickness and 
unemployment problems, for example. 

Being ( )tN the occupied servers number, that is the same that the being served customers number, 

at time t  in a M⏐G⏐∞ system, according to Carrillo (1991) we have, putting 

( ) ( ) ( )
0

0 0
n

p t P N t n N⎡ ⎤= = =⎣ ⎦ , ,...,2,1,0=n  that 

 

 ( )
( )( ) ( )

0

10

0

1

, 0,1,2,...
!

t

n
t

G v dv

n

G v dv
p t e n

n

λ
λ

− −⎡ ⎤⎣ ⎦
−⎡ ⎤⎣ ⎦ ∫= =

∫
 (1.1). 

 

So, the transient distribution, being the time origin an empty system instant, is Poisson with mean  

( )
0

1
t

G v dvλ −⎡ ⎤⎣ ⎦∫ . 

The stationary distribution is the limit one: 
 

( ) ,...2,1,0,
!

0lim =
−

=

∞→

ne
n

n

tnp

t

ρρ
 

 

being Poisson with mean ρ . 

 In the M⏐G⏐∞ system, as in any other queue system, operation there is a sequence of idle and 
busy periods. An idle period followed by a busy period is what we call a busy cycle. In sickness 

applications, an idle period is a period where nobody is sick. A busy period is a period that 
corresponds to an epidemic. A busy cycle is a sickness cycle. In unemployment applications, an idle 

period is a full employment period. A busy period is a period of unemployment. A busy cycle is an 
employment cycle. 

 So it is important to study the M⏐G⏐∞ busy cycle length distribution and not only the busy 

period length distribution. The M⏐G⏐∞ idle period length is exponential with parameter λ , as it 

happens with any queue system busy period with Poisson arrival process at rate λ . 

Be ( ) ( ) ( )[ ]10
1

′===
′

NntNPtp
n

, ,...,2,1,0=n  meaning ( ) 10 ′=N that the time origin is the one  

of a customer arrival at the system, making the number of served customers jump from 0 to1.  

That is: a busy period begins. 

At 0≥t , possibly: 

- The customer that arrived at the time origin abandoned the system, with probability ( )tG , or 

goes on being served, with probability ( )tG−1 ; 

- The other servers, that were unoccupied at the time origin, are still unoccupied or occupied 

with ,...2,1  customers, with probabilities given by ( ) ,...2,1,
0

=ntp
n

 

Both subsystems, the one of the initial customer and the other of the initially unoccupied servers, 

are independent and so we have 
 

 ( ) ( ) ( )tGtptp 0001 =′  (1.2). 

 ( ) ( ) ( ) ( ) ( )( )1 0 0 1
1 , 1,2,...

n n n
p t p t G t p t G t n

′ −
= + − =  
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For the M⏐M⏐∞ system (exponential service times) (1.2) is valid even if ( ) 10 =N , that is: since the 

time origin in an instant at which there is one only customer in the system, simply, owing to the 

exponential distribution lack of memory. So 
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It is easy to show that 

( ) ,...2,1,0,
!
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==
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ne
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ρρ
 

 

Calling ( )t,1′µ and ( )t,0µ the mean values associated to the distributions given by (1.2) and (1.1), 

respectively, we have that  
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So 

 ( ) ( ) ( )
0

1 , 1 1
t

t G t G v dvµ λ′ = − + −⎡ ⎤⎣ ⎦∫  (1.3). 

 

As 
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( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ),1,023,01,03,01,0,0
222

tGttGttttGtttG −+−+=++−++= µµµµµµ design

ated by ( )tV ,'1  the variance associated to the distribution given by (1.2), we obtain 
 

 ( ) ( ) ( ) ( )tGtGttV
2,0,'1 −+= µ   (1.4). 

 

We intend to present some results about ( ) ,...,2,1,0,0 =ntp
n

 ( )tp 01′ , ( )t,1′µ and ( )tV ´,1 behaviours 

as time functions. We will show too that the ( )tp 01′ study induces a Ricatti equation important to 

the determination of a M ⏐G⏐∞ systems collection with practically exponential busy period. ( )t,1′µ  

and ( )tV ´,1  studies induce also differential equations that allow very interesting results. 

We will see that, in its behaviour as time functions, takes place the service hazard rate function with 

an important role given by, see for example (Ross, 1983), 

( )
( )

( )tG

tg
th

−

=

1
 (1.5) 
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where ( ).g  is the density associated to ( ).G . 

 
 

2   ( )tnp0 , ,...2,1,0=n  BEHAVIOUR AS TIME FUNCTION 

 

This section main result is: 

 

Proposition 2.1 

 

 If ( ) 1<tG , 0>t , continuous and differentiable 

a) ( )tp
00

, 0>t  is a decreasing function, 

b) ( )tp
n0

, ρ≥n , 0>t  is an increasing function, 

c) ( )tp
n0

, ρ<< n0 , ρ  1>  

i) increases in ] [
n

t,0 being 
n

t given by  

 ( )[ ]
λ

n
dvvG

n
t

=−∫0 1  (2.1) 

 

ii) decreases in ] [∞,
n

t  and  

iii)the ( )tnp0  maximum is  
 

 ( ) n

n

nn
e

n

n
tp

−

=

!
0

 (2.2) 

Dem: a) is evident since 

( )
( )[ ]∫=

−−

t

dvvG

etp 0

1

00

λ

. 

 

 For ≥n  1  ( ) ( ) ( )( )
( )

0 0

0

1 1 , 0

1
n n t

d n
p t p t G t t

dt G v dv
λ

λ

⎛ ⎞
⎜ ⎟= − − >
⎜ ⎟⎜ ⎟−⎡ ⎤⎣ ⎦⎝ ⎠∫

. 

 

As ( )
0

1
t

G v dvλ ρ− <⎡ ⎤⎣ ⎦∫ , if ( ) 0,0,
0

>>≥ ttp
dt

d
n

n
ρ and we conclude b).  

If  

( ) 00, =< tnp
dt

d
n ρ  ⇔ ( )

0

1
t n

G v dv
λ

− =⎡ ⎤⎣ ⎦∫  and we have c). 

 

Notes: 

 Although nt , given by (2.1), depends on the arrival rate and on the service time length 

distribution, that does not happen with ( )ntnp0  given by (2.2),  

For a certain arrival rate and service time length distribution we have, evidently,  

ntnt ≥+1  

and, as  
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Under Proposition (2.1) conditions, but with ( ) ltttG ≥=− ,01 , (1.1) becomes  
 

( )
( )( ) ( )

0
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0

1

,
!

t

n
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G v dv

n l

G v dv
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2,1,0, =n ,... 

and, so, the Proposition (2.1) conclusions are still valid, but the values ,...2,1,0,
!

=

−

ne

n

n

ρρ
 occur 

after ltt = . Evidently, 1,0, ><<< ρρnltnt . 

 
 

3   ( )tp
01′

 BEHAVIOUR AS TIME FUNCTION  

  

For the ( ) ,...2,1,0,1 =′ ntnp  it is not possible to perform such a complete study as for the 

( ) ,...2,1,0,0 =ntp
n

. But the results for ( )tp
01′

 are very interesting as we will see. Now the important 

result is  

 

Preposition 3.1 

 

If  ( ) ,0,1 >< ttG continuous, differentiable and  

 

( ) ( ) 0, >≥ ttGth λ  (3.1), 

 

being ( )th  the hazard rate function associated to ( ).G , ( )tp 01′
 is non-decreasing. 

Dem: It is enough to note that, under these conditions,  
 

( ) ( ) ( )( )
( )
( )

( )
1 0 00

1
1

g td
p t p t G t G t

dt G t
λ

′

⎛ ⎞
= − −⎜ ⎟

−⎝ ⎠
 where ( ) ( )tG

dt

d
tg =  and ( )

( )
( )tG

tg
th

−

=

1
. 

 

Notes: 

 

- Note that 

 ( ) λ≥th  (3.2)  
 

is a sufficient condition for (3.1) and so if the rate at which the services end is greater or equal 

than the customers arrival rate ( )tp 01′
 is non-decreasing, 

- For the M⏐M⏐∞ system (3.2) is equivalent to  
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1≤ρ  
 

- Evidently these results may be useful in the survival analysis fields. 
 

Putting  

( ) ( ) IRtGth ∈=− ββλ ,  

 

we have a Ricatti equation whose solution is (note that ( ) ,1=tG 0≥t  is a solution) 
 

 ( )
( ) ( )

( )( )
1

1 , 0,
11

t

e
G t t

ee e

ρ

ρλ βρ

λ β λ
λ β

λ λ

−

+−

− +

= − ≥ − ≤ ≤

−− +

 (3.3), 

 

see Ferreira (1998). For a  M⏐G⏐∞ system with this service time length distribution 
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Concretely  
 

- λβ −=  we get 

( ) 0,101 ≥=′ ttp . 
 

In fact, in this situation, ( ) 0,1 ≥= ttG . So ( ).G  is degenerated at the origin. That is: every 

customer has null service time length. So the system is never occupied, 
 

0=β  

( ) 0,01 ≥
−

=′ tetp
ρ

 

 

and so ( ) 0,01 ≥′ ttp is constant,   
 

- 
1−

=

ρ

λ
β

e

 

( ) ( )( )1 0
1 , 0

t

p t e e t
λ βρ − +−

′
= − ≥ . 

 

With the service time length distribution given by (3.3), (1.1) becomes 
 

( )
( ) ( )( )( )

( ) ( )( )0

log 1
1 ,

!

t n

t

n

e e e
p t e e e

n
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0,
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t

e
ρ

λ
λ β≥ − ≤ ≤

−

. 

 

Calling T  the random variable associated to ( ).G  given by (3.3) we have, see Ferreira (1998 a) 
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1
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e
ρ
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λ β− < ≤ =

−

.. (3.4) 

 

Notes: 

- The expression (3.4) giving bounds for ,...2,1, =

⎥⎦
⎤

⎢⎣
⎡

n
n

TE  proves its existence, 

- For 1=n  (3.4) is unuseful because we know that [ ] α=TE . Curiously, the upper bound is 

λ

ρ
1−e

, the M⏐G⏐∞ system busy period length mean value, 

- For ,...2,1,0, ==

⎥⎦
⎤

⎢⎣
⎡−= n

n
TEλβ  evidently. 

See however that (3.3) may take the form  
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and, since 2log<ρ , 
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 (3.5). 

 

After (3.5) we can easily compute the T  Laplace transform for 2log<ρ . And then get  
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For 2≥n  we must truncate the infinite sum. Taking only M  terms, to get an error lesser or equal 

than ε we must have simultaneously   
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4   A M⏐G⏐∞ SYSTEMS COLLECTION WITH EXPONENTIAL BUSY PERIOD  

 

Putting now ( ) ( ) ( )ttGth βλ =−   ( ( ).β  is any time function) we get 
 

( )
( ) ( )( ) ( ) ( )ttGttG

dt

tdG
βλβλ +−−−=

2
 

 

that is also a Ricatti equation about ( ).G . 

 

Solving it, after noting that ( ) 0,1 ≥= ttG  is a solution again, we get 
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Putting (4.1) in 
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that is the M⏐G⏐∞ busy period length Laplace transform, see Stadje (1985), we get  
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where L  means Laplace transform and  
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After (4.2) we can compute 
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for the M⏐G⏐∞ busy period d.f., where ∗  is the convolution operator. 

If ( ) ββ =t  (constant), we get (3.3) and 
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So, if the service time d.f. is given by (3.3) the M⏐G⏐∞ busy period d.f. is the a mixture of a 
degenerate distribution at the origin and an exponential distribution. 

Finally note that, for 
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Calling the busy cycle length Laplace trasform ( )sZ , knowing that the M⏐G⏐∞ idle period is 

exponential with parameter λ , as it happens with any queue system with Poisson arrival at rate λ , 

and that the idle period and the busy period are independent for the M⏐G⏐∞ queue (Takács (1962)) 
we have  
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for the M⏐G⏐∞ busy cycle d. f.. 

If ( ) ββ =t  (constant) 
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So, if the service time d. f. is given by (3.3) the M⏐G⏐∞ busy cycle d.f. is the mixture of two 
exponential distributions. 

Finally note that, for ( )
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e e e

Z t t
e e

ρ

λ

ρ λ

β

ρ ρ

λ
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−
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= = − ≥

− −

. 

 

And ( )tZ , given by (4.5) satisfies 
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Note that (4.7) is coherent even for 2log=ρ  since that  

 

( ) 1

log 2

1
1

2
lim

t
te

p

e e e

e

ρ

λ

ρ λ

ρ

−

−

−

→

⎛ ⎞
− −⎜ ⎟

− =⎜ ⎟−
⎜ ⎟
⎝ ⎠

 

 

= lim
2log→ρ

( )
( )

12 1
1 1 .

2

t
te

t
e e e e

t e

e

ρ

λ

ρ ρ λ

λ

ρ
λ

−

−

−

−

− − − +

= − +

−

 

 

Finally, we have also 
 

( )
( )

1
,0,1 0

−

≤≤−≥−≤
∫

−

ρ

λ λβ
λ

et

duu

tetZ

t

t

 (4.8). 

 

 

5   STUDY OF ( )t,'1µ  AS TIME FUCTION 

Proposition 5.1 
 

If ( ) 1<tG ,  0>t , continuous, differential and  
 

 ( ) ,λ≤th   0>t  (5.1) 
 

( )t,'1µ  is not increasing. 

 

Dem: 

It is enough to see, having account (1.3), that ( ) ( )( ) ( )( )thtGt
dt

d
−−= λµ 1,'1 . 

Notes: 

 

If the rate at which the services finish is lower or equal to the arrival rate of customers ( )t,'1µ  is not 

increasing; 
 

For the M|M|∞ system (5.1) is equal to  
 

1≥ρ  (5.2). 

( ) .,'1lim ρµ =

∞→

t
t

 

 

Doing ( ) ( ),tth βλ =−  any ( ).β , we obtain, solving this first order linear differential equation, 
 

( ) ( )( )
( ) ( )

λ

ββλ

−≥≥∫−−=
∫−−

t

duu

teGtG

t

duut
t

0
,0,011 0

 (5.3). 

 

So we have the 
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Proposition 5.2 

 

If 0=β  

( ) ( )( ) ,011
t

eGtG
λ−

−−= 0≥t  (5.4) 

 

and ( ) ( ) ,01,'1 ρµ =−= Gt    .0≥t  

 

Let’s see now expressions of ( )t,'1µ  to some particular distributions of services: 

 

Deterministic of value α  
 

 ( )
⎩
⎨
⎧

<+=
≥αρ

αλµ
t

ttt

,

,1,'1  (5.5), 

 

Exponential 
 

 ( ) ( ) αρρµ

t

et

−

−+= 1,'1  (5.6), 
 

Collection given by (3.3) 
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6   STUDY OF ( )tV ,'1  AS TIME FUNCTION 

 

Proposition 6.1 

 

If ( ) ,1<tG  ,0>t  continuous, differential and  

 ( )
( )tG

th
21−

−≥
λ

 (6.1) 

 

( )tV ,'1  is not decreasing. 

 

Dem: 
It is enough to see, having account (1.4), that     
 

( ) ( )( ) ( ) ( ) ( ) ( )( ) ( ) ( )( ) =−+−=−+−= tGtgtGtgtGtgtGtV
dt

d
21121,'1 λλ  

 

( )( ) ( ) ( )( )( )λ+−−= tGthtG 211 . 

 

 

Notes: 

Obviously ( ) ( ) .0,
2

1
021 >>⇔<− ttGtG  

ρ=
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),'1(lim tV
t

. 
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Doing ( )
( )

0
21

=

−

+

tG
th

λ
 we obtained, solving this first order differential equation, the 

 

Proposition 6.2 

 

If ( ).G  is implicitly defined as 
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( )
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01

1 02
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−
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 (6.2) 

( ) .0,,'1 ≥= ttV ρ  

 

Notes: 

The density associated to (6.2) is given by  
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Starting from (6.3), designating by S  the random variable which is associated to it, we show easily 

that, with ( )
2

1
0 >G  , 
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Let’s see now expressions of ),'1( tV  to some particular distributions of services: 

 

Deterministic of value α  
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Exponential 
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Collection given by (3.3) 
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7  Concluding remarks 
 

In queues practical applications often it is used the populational process stationary distribution. This 
happens generally because the transient distribution is very complex and unuseful. And so the 

stationary distribution is used as a good transient one approximation. But in various situations this 
is not true. So it is necessary to know as well as possible the transient behaviour. 

The M⏐G⏐∞ systems transient behaviour, with an unoccupied system instant time origin, is very 
well known and not too complex. We deduced the time origin at the beginning of a busy period 

transient distribution. 
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We presented here a transient behaviour study, with some interesting results, for the M⏐G⏐∞ 

systems with a lot of possible applications, namely in survival analysis. 

It was done more exhaustively for the ( )tp
n0

 than for the ( ) ,...2,1,0,
1

=
′

ntp
n

, but in the former 

situation everything is easier than in the other. But the ( )tp
01′

 study leads to very interesting results 

even that they are looked only from the mathematical point of view. And, no less important, it 

allows through the resolution of a Ricatti equation the determination of a M⏐G⏐∞ infinite systems 
collection with a very simple busy period distribution: a mixture of a degenerate distribution at the 

origin and an exponential distribution. And also for the M⏐G⏐∞ busy cycle. 

It was also possible to study the behaviour of ),'1( tµ  and ),'1( tV , as time functions, playing here 

the service hazard rate function a very important role. It allowed the consideration of linear 

differential equations that lead to very interesting results. 
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