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equal for these two cases. The corresponding imaginary parts remain equal to the principal Lyapunov
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1. Introduction

Black holes in the ringdown phase resulting from a black hole collision form a dissipative system which can be described by black hole
perturbation theory: they lose energy by emitting gravitational radiation. Those decaying oscillations are called quasinormal modes, and
they are given in terms of complex frequencies. The spectrum of black hole quasinormal modes (QNMs) does not depend on what drives
the perturbations: it is completely determined in terms of intrinsic physical quantities of the black hole such as mass, charge or spin, and
eventually (beyond Einstein gravity) some other parameters of the theory. This feature turns QNMs into preferential probes for testing
theories of gravity beyond Einstein, since the ringing frequencies can be directly measured by the gravitational wave detectors. In spite of
their classical origin, QNMs may provide a glimpse into the eventual quantum nature of the black hole. With the advent of gravitational
wave astronomy, therefore, interest in the study of black hole QNMs has raised. Some recent works computing QNMs of black holes with
higher derivative corrections coming from different theories are [1-8].

Most of the times, QNMs have to be computed numerically. Nonetheless, different analytical methods have been developed in order to
compute QNMs in some limiting cases. One of such cases is the eikonal limit. Experimental data related to black holes coming either from
the detection of gravitational waves or from observation of the electromagnetic spectrum in their vicinity, does not fix the near-horizon
geometry; more information for that purpose can be obtained from the shadow cast by a black hole. Some recent studies of black hole
shadows in theories beyond Einstein gravity are [9-11]. For asymptotically flat spherically symmetric black holes, under some conditions
that we discuss in section 4, the radius of such shadow can be related with the real part of QNM frequencies in the eikonal limit, as we
will see.

In this article we will consider d-dimensional asymptotically flat spherically symmetric black holes in string theory and compute their
quasinormal frequencies in the eikonal limit and the radius of the black hole shadow. The article is organized as follows: in section 2 we
will review the string-corrected black hole solution we will consider, the master equation and the corresponding potentials for minimally
coupled test scalar fields and tensorial gravitational perturbations; in section 3 we analyze how to compute the corresponding quasinormal
frequencies in the eikonal limit in this context, and we obtain such frequencies; in section 4 we review how to obtain the black hole
shadow from the quasinormal modes and we compute it for the black hole we consider.
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2. String-corrected spherically symmetric black holes and their tensorial perturbations

A general static spherically symmetric metric in d dimensions can always be cast in the form

ds® = —f(nde® + f~ () dr? +1%dQj . (1)
A minimally coupled scalar field propagating in the background of a black hole of the form (1) can be expanded as
O(t,1,0) =€) " Dy, (1)Ye(0), (2)
¢

where w is the wave frequency, ¢ is the angular quantum number associated with the polar angle 6 and Y,(0) are the usual spherical
harmonics defined over the (d — 2) unit sphere S?2, with the azimuthal angles in this case set to constants. In terms of the tortoise
coordinate x defined by

dr
dx = —, 3
o 3)

the field equation satisfied by each component &, ,,(r) (which we denote by ) is given by

ey,

W‘i‘w y=VI[fOly (4)
with the potential [12]
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Perturbations of a d-dimensional spherically symmetric metric can be decomposed according to their tensorial behavior on S%-2 as
scalar, vectorial or (for d > 4) tensorial. Each type of perturbation is described in terms of a master variable, which we also denote
generically by . In Einstein gravity, this master variable obeys a second order differential equation (“master equation”) analogous to
(4), but with a potential that also depends on the kind of perturbation one considers [13]. Specifically, tensorial perturbations obey an
equation (4) with the same potential (5) of scalar test fields.

In the presence of higher order corrections in the lagrangian, one can still have spherically symmetric black holes of the form (1), but
the master equation obeyed by each perturbation variable is expected to change. Tensorial metric perturbations in the presence of leading
o’ corrections have been studied in [14,15], &’ being the inverse string tension. Concretely, the following d—-dimensional effective action
with purely gravitational o corrections has been considered:

4
ﬁ / N (R - % (96) b + em¢’% RW"RWU) dlx. (6)
This is the effective action of bosonic and heterotic string theories, to first order in «’, with A = "‘7’, %. respectively.! In both cases one
can consistently set all other bosonic and fermionic fields present in the string spectrum to zero except for the dilaton field ¢. We are
also not considering compactification effects: action (6) results from compactifying on a flat torus, leaving d dimensions uncompactified.

In [14,15] it has been shown that, perturbing the field equations resulting from this action, for tensorial perturbations of a spherically
symmetric metric (1) one also obtains a second order master equation (4). The corresponding potential is given by

2600+d—3) d—4d—5 1
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with Vo[ f(r)] given by (5).
Spherically symmetric d-dimensional black hole solutions with leading «’ corrections have been obtained in [16,17]. Specifically con-
cerning the action (6), a solution of the respective field equations is of the form (1), with

A
f) = fo(r) (1 + R—28f(r)) ; (8)
H
foy=1- "7, (9)
d—3)d—4 R 1-
Sf(r)=— 5 A (10)
 1d3

1 Type I superstring theories do not have «’ corrections to this order.
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When A =0 we get the Tangherlini solution with f(r) = fo(r). This is then clearly an a’-corrected Tangherlini solution, which has been
obtained and studied by Callan, Myers and Perry in [16]. Its only horizon occurs at the same radius r = Ry of the Tangherlini solution. For
our purposes, it is enough to just quote here the explicit expression for the temperature of this black hole, given by

,_d-3 (1_(d—1)(d—4) )\)' an
47 Ry 2 R%

3. Quasinormal modes in the eikonal limit

In this section, we compute quasinormal modes in the eikonal limit for the cases we have been considering: minimally coupled (test)
scalar fields and tensorial gravitational perturbations. The eikonal limit of quasinormal modes corresponds to having a large multipole
number ¢, or equivalently a large real part of the QNM frequency. In this limit one can apply the WKB approximation.

In the eikonal limit (¢ — +00), we are left with only one term from the potential (5):

VERLF (] :ez%. (12)

In Einstein gravity (i.e. taking A = 0), this limit is the same for the potentials corresponding not only to test scalar fields but also to all
kinds of gravitational perturbations: tensorial, vectorial and scalar [13], and so are the corresponding eikonal quasinormal modes. We now
briefly review how to compute these quasinormal modes.

In order to apply the WKB approximation, we assume that the potential we are dealing with vanishes at the horizon and at infinity,
and that it has a single maximum for some value r > Ry. Concretely for Vg"‘[ f (], such maximization corresponds to having

2f(n) =rf'(r), (13)

which is precisely the equation defining a circular null geodesic. Indeed, in [18] it was shown that for d-dimensional asymptotically flat
spherically symmetric black holes in Einstein gravity the eikonal quasinormal frequencies are given in terms of parameters of the unstable
circular null geodesics around such black holes. Concretely, the quasinormal frequency corresponding to the overtone mode n is given by

1
wnzﬁﬂ—i(n—i—E)A, (14)

where 2 is the angular velocity at such geodesics and A is the principal Lyapunov exponent corresponding to such orbit. These quantities
are given by

Q= J;(rc)’ (15)

e

- _2f<rc>@<r_2>r:rc

B rg , f ’ f 1

—/ SR+ (7)) e

with r. being the value of r maximizing Vg”‘[f(r)], i.e. the radius of the circular null geodesic, a solution of (13). x is the tortoise
coordinate (3).
In Einstein gravity we have the Tangherlini solution with f(r) = fo(r), as we saw. The corresponding solution to (13) is given by

LJd—1
ro=Ry df/T. 17)

The quasinormal frequencies are obtained by simply replacing r. =rg in (15) and (16).
We wish to generalize the study of quasinormal modes in the eikonal limit for the string—corrected Callan-Myers-Perry black hole
given by (8). For simplicity, we start by QNMs of test scalar fields, after which we study QNMs of tensorial gravitational perturbations.

3.1. The eikonal limit for test scalar fields

The procedure for obtaining QNMs in the eikonal limit for test scalar fields is essentially identical to the one we just saw in Einstein
gravity. We want to maximize the same potential, given by (12). Such maximization corresponds to solving equation (13). The only change
comes from the function f(r), which is now given by (8), including a A correction, corresponding to the solution we have been considering.
For such choice of f(r), the value of r which is a solution of (13) is given, to first order in A, by

d-1
a3jd —1 A [(d—4 2 \d3
re=Ry T(]-ﬁ-ﬁ(T—(d—‘l)(dj) )) (18)

Replacing this value in (15) and (16), respectively, we obtain
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o_ [A=31( 2 2 Ly hd=af( 2 = ) (9
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The A =0 limits of (18), (19) and (20) correspond to the known results in Einstein gravity.
We now express the results in terms of the black hole temperature. We simply invert, to first order in A, the expression T(Ry) given
by (11); we then replace Ry by the result Ry (T) in (19) and (20), obtaining

Q=2nT. -2 —2%182T2)\d_4d2—2%' 21
= Vd—B(d—l) rom A e 4T +(d—1> ’ 21

d—1 d—1
_4n'T 2 2d-3 2.2, (d=2)d—4) _ 2 a-3
a2 [ 2ecn (o (27 2

We can check that, when expressed in terms of a physical variable (in this case the temperature), &’ corrections are positive for both real
and imaginary parts of the QNM frequencies.

3.2. The eikonal limit for tensorial perturbations

We now turn to the computation of QNM frequencies in the eikonal limit for gravitational tensorial perturbations, described to first
order in &’ by the potential (7). In order to distinguish from the scalar field case we have just seen, we denote these frequencies by

1
wl:ZQT—i<n+§> Ar. (23)

The eikonal limit (£ — +o00) of the potential (7), compared to the one of (5), naturally has a A correction. This limit can be expressed
analogously to (12), but with f(r) replaced by g(r):

VELF 1= zzy, (24)

2,
gy =fr) (1 +3 20 -fa)+ rf’(r))) . (25)

Because of the A correction in g(r), the equation for the maximization of V$”‘ is no longer the equation defining a circular null geodesic,
as pointed out in [4]; in our case, it is rather given by

2g(r) =rg'(n). (26)

Its solution is given, to first order in A, by

d—1
_ a3/d—1 A [d—4 2 \d3

The procedure for the computation of Q1, At in (23) is similar to the one described in the previous section for €, A. We simply have to
take g(r) instead of f(r) and r; instead of r in (15) and (16):

ar = YET, (28)

r2 d2 g
Ar=—-—L " (=
T \/ 2g(ry) dx2 <I‘2)r=rt

= [EL (r(EY 41 (8))_

We obtained the following results, to first order in A:

Qr= /i3 1 2\ LY YR . d—4 30
T_‘/TE(dTl> TR 2 (P >(dTl) —@=9) G0
d—1 d-1
2 \Z&y 1 A d—4a 2 \d3

The A =0 limits of (27), (30) and (31) correspond to the known results in Einstein gravity.

4
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Like we did for the case of test scalar fields, we now express the results in terms of the black hole temperature, given by (11):

Qr=27T /2 2 25"113)1 21222 (g_443(-2 = 32
r=2Ta3\a T e (A e ’ 52

d—1 d—1
_ 2 2@y 9. (d—2)(d—4) B 2 \d3
AT_4nT(—d_1> |:]+87r T A—(d—B)z (1 <—d—1> )i| (33)

Like for the case of test scalar fields these o’ corrections, expressed in terms of the temperature, are positive both for the real and for the
imaginary parts of the QNM frequencies.

3.3. The equality of tensorial and test imaginary parts

We must point out that, because the equation for the maximization of V?‘k does not coincide with the one defining a circular null
geodesic, the identifications of Q1 with the angular velocity at such geodesic and At as the principal Lyapunov exponent corresponding
to such orbit are not expected to be valid for these perturbations. That is the case for Qr: by comparing (19) to (30), we see that € and
QT are indeed different. But that is not the case for At.

By comparing (20) to (31), we notice that the imaginary components of the eikonal quasinormal frequencies, associated with scalar
test fields and tensor type gravitational perturbations, are equal to first order in A:

A=Ar+003). (34)

This property is surprising and remarkable. We saw that, in the absence of higher order corrections, quasinormal modes of tensorial
perturbations and test fields were identical; in the eikonal limit, test fields and all kinds of gravitational perturbations had the same QNM
spectra. In all these cases, the equality of the QNM spectra had its origin in the equality of the corresponding perturbation potentials in
the eikonal limit: the same potential naturally gave rise to the same QNM frequencies. In the presence of leading string corrections, in the
cases we considered? the perturbation potentials are different but the imaginary parts of QNM frequencies remain the same (not the real
parts, though).

We now provide an analytical proof of this remarkable equality, under the assumptions we have been considering in this article. In
order to simplify the notation for this section, we define A’ = Riz. We will always discard contributions of order O()'2); every equation

H

in this section should thus have an extra “+O()1’2)” term, which we omit also to simplify the notation (but it is important to keep this in
mind).
We recall that rc and r; are the solutions to (13) and (26), respectively:
2f(re) =rcf'(ro), (35)
2g(re) =r1eg (). (36)

Here f(r), g(r) correspond to the leading terms of the potentials Vgik[f(r)], V$ik[f(r)]. We will assume for a moment that f(r), g(r)
are generic functions, defined only by conditions (12) and (24) respectively, in the presence of higher order corrections proportional to a
constant A/, which for a while we also take as generic. The only restriction we will consider is that, in the absence of the higher order
corrections, both f(r), g(r) reduce to fo(r) given by (9). This means that both these functions can be written in the form

fr) = fo(r) +1'8f,

g(r) = fo(r) +1/sg. (37)
Similarly, r¢, rc can also both be written in the form

re =ro + A'8re,

re =19+ A'8re. (38)
ro, given by (17), is the solution of

2 fo(ro) =ro fy(ro). (39)

From (16) and (29), and using (35) and (36), proving (34) amounts to prove that

f2(re) [ f"(re) 2] f2(r) [ g’ (rr) 2]
2— = 2— . 40
2 fio )= 2 g ! (40)
We can define the function
Af(r):=gm) — f). (41)

2 The potentials for black holes in the presence of string «’ corrections are known only in the cases we considered: tensorial gravitational perturbations and test fields.
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From (37) we see that A f(r) is necessarily of order A’. Similarly from (38) we can conclude that r. —r¢ is also of order A’. Knowing these
facts, we may consider first order in A" Taylor expansions of f(r¢), f”(r¢) around r;. Using such expansions and (37) we can write, always
to first order in A/,

Faof" @) =[fa0) + faote =] [f @)+ f" o) re —1o)]

= f(ro) f"(re) + (re — o) [ fo(ro) £ (ro) + fo(ro) £ (ro) ] (42)
and
fz(rl’) Y 2 ( 1 Af(rl')) 7 " "
— — = —A A
2 ) g'(re) = f=(ry) oo~ Fr gl ()= (f(rp) fFao) (o) + Af" (1) (43)
= f(r) f"(re) — A f(ro) fo (ro) + fo(ro) A f" (ro).
Knowing that rl2 — rlz = —r%(rc —1¢), always to first order in A/, and also using (39), we have
2(rc 1 1 4 , 4
A P W O NPYCT <—2 - —2) + 2 foro) o) e — 1) = (re — 1) = f2(r0). (44)
1 rt ré 1t TS s
From (42), (43) and (44) we can rewrite equation (40) as
4
(re —1o) [r—3f§(ro) fo(ro) fg' (ro) — f()(ro)fé’(ro)} + fo(ro) A f"(r0) — A f(ro) fg (r0) = (45)
0

Up to now, in this section we have kept the functions f(r), g(r) generic. The only assumption made was about fy, given by (9), i.e., we
are considering a solution which is a higher order correction to the Tangherlini black hole. The most general condition that such solution
must follow in order to verify the equality (34) is given by (45).

We now verify that (45) is indeed fulfilled by the solution and potential for tensor-type perturbations we considered in this article,
with f(r), g(r) given respectively by (8) and (25). Taking these functions, the values of r¢, r; are those given in (18) and (27), from which
we see that

2
Te—T¢ = ZA’R—H. (46)
To

From (25) we may rewrite the definition (41) as

2
Af(r) =21 f(r) (RTH) [20 = fa) +1f'D)]. (47)

Differentiating twice A f(r) and also using (39), after some algebra we get

N [f (0 _,fotto) 1 fo( 1) o1 } 48)
o To 2
which, combined with (47), gives
fo(ro)Af"(ro) — A f (ro) f§ (ro) = 'Ry [ o 8 Or(”’)} (49)
0
Using (46) and plugging the equation above in (45) yields
2
=1 [ 300 1§ 0) = fo(ro) £ (ro) = f5(r0) 5 )] =0. (50)

We found a condition which is equivalent to (40), but much simpler! Considering (39), equation (50) holds true if and only if rg is a root
of

2

F(r):= fo'(r) (folr) = 1) — ;fé’(r). (51)

Using (8), we can explicitly write
Ry \ 43 Rd 3

F(r)=(7H> (d—3)d- 2)[——(d—1)— (52)

It is easy to see that the only real positive root of F is
d—1\@3
r= (T) Ry =ro. (53)

This completes the proof of the equality (34) between the imaginary components of test and tensor gravitational eikonal quasinormal
frequencies of solution (8) to first order in A/, as we wanted.
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4. Black hole shadow and quasinormal modes

In this section, we provide an analytical expression for the radius of the shadow cast by the Callan-Myers-Perry black hole (8).

In a d-dimensional asymptotically flat black hole space time, an observer at spatial infinity can set up an Euclidean spatial coordinate
system. In this framework, the (d — 2)-dimensional hyperplane that simultaneously contains the black hole and is normal to the line
connecting it to the observer is called the observer’s sky. Now, we consider a light source behind the black hole, from the observer’s
perspective. As the photons, emitted by the source, travel through space time, some will get trapped by the black hole, while some will
eventually reach the observer. The absence of photons that ended trapped by the black hole will make the observer perceive some sort
of silhouette in the observer's sky. The shape of the corresponding shadow is determined by the impact parameters of such photons,
following a null geodesic. For the case of a spherical symmetric black hole like (1), this silhouette forms a disk and the radius of the
respective shadow is given by [19]

Tc
Vo)

where 7. is the solution of (13): the radius of the unstable null circular geodesic defining the photon sphere, given, as we saw, by (18).
The asymptotic flatness of the black hole is crucial for the result (54) to be valid, in Einstein gravity and also in the presence of higher
derivative corrections [6]. For the radius of the shadow of AdS black holes there is a correction term, even in the absence of higher
derivatives [20].
Comparing (15) with (54), we can immediately notice a relation between the shadow radius Rs and the real part of the eikonal
quasinormal frequencies associated with test scalar fields, as noticed in [21,22]:

Rs = (54)

Rs = —. (55)

In the absence of higher derivative corrections, this relation extends to all quasinormal frequencies, since their eikonal limits are all
identical.

Also crucial for the equality (54) to be valid is the fact that photons follow a null geodesic of the background black hole metric. If
we were considering black holes in general relativity coupled to nonlinear electrodynamics, as in [23,24], photons would rather propagate
along the null geodesics of an effective metric characterized by the nonlinearities of the field. This way, the black hole shadow would
be governed by the effective geometry directly reflecting the electrodynamic non-linearity, while the quasinormal modes would still be
governed by the spacetime geometry, and there would be no relation like (55) between them.

Using (19) and (55), we can relate the shadow radius Rs of the Callan-Myers-Perry black hole to the horizon radius Ry:

. 2d—1%1xd—41 23%R 6
STVa—3\ "2 +ﬁ2 “\d—a H- (56)

Equation (56) can be inverted, in order to obtain Ry expressed in terms of Rs. This way, as we mentioned, we can obtain information
about the near-horizon geometry from the black hole shadow.

Physical quantities such as the black hole mass and temperature, which are written as functions of Ry, can then be expressed in
terms of Rs and be estimated, if the shadow radius of a black hole that can be described by the metric (8) turns to be measured. Other
physical quantities such as the quasinormal frequencies can also be expressed as functions of mass or temperature and can, therefore, be
estimated knowing Rs. Since quasinormal frequencies can also be independently measured, at least in some limits, these estimates can
be confronted with experimental results.

5. Conclusions and future directions

In this work we computed the quasinormal frequencies in the eikonal limit corresponding to test fields and tensorial gravitational
perturbations for the simplest case of a d-dimensional spherically symmetric black hole solution with string corrections given by the
Callan-Myers-Perry black hole (8). We expressed the results in terms of the black hole temperature and we concluded that &’ corrections
are positive for both real and imaginary parts of the QNM frequencies. Knowing the real part of the frequency corresponding to test fields,
we obtained the radius of the black hole shadow.

The most surprising result we obtained was the equality (34) between the imaginary parts of the two different quasinormal frequencies.
The proof of the equality (34) we provided in section 3.3 is valid for the solution (8) we worked with, and for the potential (7) for
tensorial perturbations. Both the solution and the potential result from the specific string-theoretical action (6). One may wonder if a
property similar to (34) is valid in general for other theories with higher derivative corrections (such as Lovelock theories), or if it is an
intrinsic property of string-theoretical solutions, or eventually just of this solution. We obtained a condition (45) that a generic spherically
symmetric black hole solution with higher derivative corrections should obey in order to verify (34).

In Lovelock theories, differently than in string theory, the higher-derivative corrections are not seen as a perturbative expansion. This
way, the parameter controlling e.g. the Gauss-Bonnet term may be taken to arbitrary order in the solution to the (nonlinear higher order)
field equations, even if it appears only to first order in the lagrangian. In [4] quasinormal modes in the eikonal limit of Gauss-Bonnet
d-dimensional black holes have been computed for tensorial, vectorial and scalar gravitational perturbations, up to second order in the
Gauss-Bonnet parameter. Similarly to our case, no agreement was found for the real parts of the quasinormal modes even to first order in
the Gauss-Bonnet parameter. The agreement between the imaginary parts was observed for all types of perturbations (also for vectorial
and scalar gravitational perturbations), but only to first order in the Gauss-Bonnet parameter - not to second order, where it failed. That
is probably the reason the agreement just to first order was overlooked in [4].
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It is tempting to question if the agreement we found could be extended, for the same solution, to vectorial and scalar gravitational
perturbations. In order to verify such agreement, one would need to determine the potentials corresponding to such perturbations for
solutions corresponding to the stringy lagrangian (6). The determination of such potentials, the study of the stability of the Callan-Myers-
Perry black hole (8) under such perturbations and the calculation of the corresponding quasinormal modes are by themselves relevant
problems; the eventual verification of an identity like (34) is an interesting extra motivation. Since in string theory «’ corrections come
in a perturbative expansion, all these studies we propose here could also be extended to black holes with higher order (namely «’3)
corrections. One could then figure out if the identity (34) is a more general property in string theory or if is just a special feature of
quadratic curvature corrections.

If one could conclude that the identity (34) was indeed a general property, that would mean that the imaginary part of quasinormal
frequencies in the eikonal limit would be equal to the principal Lyapunov exponent corresponding to circular null geodesics. If that state-
ment is true, it could help to clarify the question of the stability of these black holes under these perturbations in different dimensions, a
topic with many open problems. This is why we think this subject deserves further study.
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